ON THE CONICAL ZETA VALUES AND THE DEDEKIND ZETA VALUES
FOR TOTALLY REAL FIELDS

HOHTO BEKKI

ABSTRACT. The conical zeta values are a generalization of the multiple zeta values which
are defined by certain multiple sums over convex cones. In this paper, we present a relation
between the values of the Dedekind zeta functions for totally real fields and the conical zeta
values for certain algebraic cones. More precisely, we show that the values of the partial zeta
functions for totally real fields can be expressed as a rational linear combination of the conical
zeta values associated with certain algebraic cones up to the square root of the discriminant.

1. INTRODUCTION

1.1. The conical zeta values. Let n > 1 be an integer. For a subset C' C RZ; and a multi-
index k = (k1,...,k,) € 7Y%, set

k=3 =

recCNZ™

whenever the sum is convergent, where 2* := x’fl coexhe for 2 = Yay,...,2,) € CNZ" In the
case where C' C RZ is a cone (cf. Definition 2.1), the value (¢ (k) is often called the conical zeta
value associated with the cone C, cf. [6], [10].

The following are the basic examples of the conical zeta values and are the motivation for the
definition.

Example 1.1. Let ey,..., e, denote the standard basis of R", i.e., e; = %0,...,0,1,0,...,0).
(1) IfC =" Rope; = R, then

Gek)= 32— =) (k)

TELY,
is the product of Riemann zeta functions.
(2) HC =31 Roo3 ) 65 =Rsgler+--+en) +Ruglez + - +¢5) +- -+ +Rxoep, then

)= Y =l k)

1<T2< - <Tp

is the multiple zeta value.

More generally, for any rational cone C' C RZ, i.e., C' is of the form

T
C= ZR>OOM
i=1
with some rational vectors aq, ..., a, € Q", the following is known about the values (¢ (k).

Theorem 1.2 (Terasoma [10]). For a rational cone C C RZ ), the conical zeta value (o (k) can
be written as a Q®-linear combination of the cyclotomic multiple zeta values.
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On the other hand, to the best of the author’s knowledge, it seems that little is known about
the arithmetic properties of the conical zeta values associated with non-rational cones. In this
paper, we consider the conical zeta values for certain algebraic cones which are not necessarily
rational, and show that certain Q-linear combinations of such conical zeta values describe the
values of the partial zeta functions of totally real fields (up to the square root of the discriminant).
Here, we say that a cone C' C RZ is algebraic if it is of the form

C= zr: R>oq;
i=1

with some algebraic vectors ay,...,a, € (RNQ)".

1.2. Main result. More precisely, the following is the main theorem of this paper.

Theorem 1.3 (cf. Theorem 2.3). Let F' be a totally real number field of degree n > 1, and let
a C F be a fractional ideal of F. Then there exist a finite number of algebraic cones C1,...,Cp, C
RZ such that for any k € Z>o, we have

Cr(a™h k) 672 > Qo (k

i=1 keZ"
|k|=

where Cp 4 (a™t, s) is the (narrow) partial zeta function associated with a=t, dp is the discrimi-
nant of F', and |k| := k1 + -+ k,, for k= (k1,...,kn).

Actually, the algebraic cones Ci,...,Cy C RZ; and the coefficients of each (¢, (k) can be
computed by using the so-called Shintani cone decomposition.

Example 1.4 (cf. Section 3.1). Let F' = Q(v/5), and let a = O = Z[l"’g‘/g]. Moreover, let
3+V5 3—V5
C=Roo (") 4R (7))

= {{(z1,72) € R | —27 + 33172 — 25 > 0}

be an algebraic cone generated by ¢ (%, 1) and ? (%, 1). Then we can prove that

_ 1
(1) s M =@ e~ S Qolh k)
V5 .
(kl,kg)ezzl
k1+ko=2k

for all k € Z>2, where (g /5 (s) is the Dedekind zeta function for Q(V/5). For example, we find

(1.2) Covp) (2) = (4¢0(3,1) +3¢c(2,2)),

5f
25f

Remark 1.5. (1) Note that the theorem of Siegel-Klingen describes all the critical values of
75\[ On the other
hand, one feature of the above theorem is that it describes both critical and non-critical
values in a uniform way using the conical zeta values associated with algebraic cones.
(2) Recently, I found that Duke has also obtained the same formula in the case of real
quadratic fields in the study of higher Rademacher symbols [5].
2

(1.3) Covs (3) = == (120c(5,1) + 18Cc (4, 2) + 11¢c(3, 3)).

the partial zeta functions in a more beautiful way, e.g., C@(\/g)(z) =



In the next section (Section 2), after fixing some notation and convention, we state our main
theorem (in a slightly more precise way), and then prove the main theorem. The proof is really
very simple and elementary. We start from an integral representation of the values of the partial
zeta functions which can be seen as a variant of the classical Hecke integral formula, that is,
a formula which expresses the values of the partial zeta functions of real quadratic fields as an
integral of the Eisenstein series along a closed geodesics on the modular curve. One key point of
the integral representation in this paper is that we consider a “partial” Eisenstein series which
can be seen as a decomposed piece of the Eisenstein series along cones (cf. Remark 2.8 (1)).
Then by using some other also classical techniques such as the unfolding of the integrals and the
Shintani cone decomposition, we prove our theorem. In Section 3, we present some examples to
illustrate our main theorem.

Acknowledgments. I would like to express my gratitude to Kenichi Bannai for the constant
encouragement and valuable comments during the study. I would also like to thank the anony-
mous referee for the careful reading and helpful comments. This work was supported by JSPS
KAKENHI Grant Number JP20J01008.

2. MAIN THEOREM

Conventions.

e We fix an integer n > 1 throughout the paper.

e For a matrix A, its transpose is denote by *A.

e For a ring R, elements in R" are basically regarded as column vectors, and the matrix
algebra M,.(R) acts on R" by the matrix multiplication form the left.

e For vectors vy,...,v € R", we often regard the r’-tuple I = (vy,...,v) € (RT)T/ as an
r X r’-matrix whose columns are v, ..., v, .

e For vectors * = Yx1,...,2,),y = (y1,-.,Yn), the bracket (z,y) = z1y1 + -+ + Ty yn
denotes the dot product of x and y.

2.1. Cones and conical zeta values. First we fix some notation and terminologies concerning
cones that will be used in this paper.
Forr >0, 1= (ai,...,a,) € (R"—{0})", we set

(2.1) Cr .= ZR>OO(,' Cc R™.

i=1
In the case where r = 0,1 = (}, we set Cy := {0}.

Definition 2.1. (1) A subset C' C R™ is called an open convex polyhedral cone if C' is of the
form C = Cj for some r >0, I = (aq,...,a,) € (R"—{0})". In this case, we say that C
is generated by a1, ..., a,. Since in this paper we basically deal only with open convex

polyhedral cones, by abuse of notation, we will refer to an open convex polyhedral cone
simply as a cone.

(2) A cone C' C R" is said to be simplicial if we can take linearly independent generators of
C, i.e., there exists I = (aq,...,a,) € (R"—{0})" such that C = C; and ay,...,a, are
linearly independent over R.

(3) A cone C' C R™ is said to be rational if we can take rational generators of C| i.e., there
exists I = (aq,...,a,) € (Q"—{0})" such that C' = C.

(4) More generally, let K C R be a subfield. Then a cone C' C R™ is said to be K-rational
if there exists I = (a1,...,a,) € (K™—{0})" such that C = C;.

(5) A cone C' C R" is said to be algebraic if there exists an algebraic subfield K ¢ RN Q
such that C is K-rational.



(6) A cone C C R" is said to be smooth if there exists I = (aq,...,q,) € (Z"—{0})" which
can be extended to a basis of Z™ such that C = C;. In particular, a smooth cone is a
rational simplicial cone.

(7) A cone C C R" is said to be totally positive if C' C RZ,,.

Definition 2.2. Let C' C RZ, be a totally positive (open convex polyhedral) cone, and let
k= (ki,...,k,) € Z%, be a multi-index. Then we define the conical zeta value associated with
the cone C' with index k to be
1
Colk) =Y s

zeCNZ™

whenever the sum is convergent, where z* := xlfl gk for x =Yy, ... 1) €C NN

2.2. Statement of the main theorem. Let F' be a totally real field of degree n, and let
TlyeooyTn: F— R
be the field embeddings of F' into R. Moreover, we put Fr := F' ®g R. Then 71, ..., 7, induces
an isomorphism
T=(T1,...,Tn): Fg — R™
For a subset A C Fg, we denote by A, its totally positive part, i.e.,
Ar={a€ A|Vie{l,...,n},7i(a) > 0}.

Let Op denotes the ring of integers of F', and let a C F' be a fractional ideal of F. Then we
define the (narrow) partial zeta function associated with a~! to be

CF,+(U._17S) = Na® Z !

N S
reasOr, Fo(T)

for Re(s) > 1, where Na is the norm of the fractional ideal a and Np/q is the norm of the field
extension F/Q.
Finally, we define

F'i=7(F)--m(F)CR

to be the subfield of R generated by 71 (F),..., Tn(F).
The following is the main theorem of this paper.

Theorem 2.3. Let F' and a be as above. Then there exist a finite number of totally positive
F'-rational cones Ci,...,Cp, C RZy such that for any k € Z>2, we have

- 1 &
(2:2) (re(a k) e —=—=> > Q. k),
dr = rezn
>1

|k|=nk
where dp is the discriminant of F and |k| := k1 + -+ + k,, for k = (k1,...,ky) is the weight
of the multi-index. In other words, the value (r 4 (a~1 k) of the partial zeta function at k can
be written as a rational linear combination of the conical zeta values associated with F'-rational
cones with indices of weight nk divided by the square root of the discriminant.

Remark 2.4. The F'-rational cones Ci,...,Cy,, C RZ; and the coefficients of (¢, (k) in (2.2)
can be computed using the Shintani cone decomposition (cf. (2.10) and Section 3), but they are
not necessarily unique.
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Remark 2.5. This theorem shows the connection between the conical zeta values associated
with algebraic cones and the values of the partial zeta functions of totally real fields. On the
other hand, it does not tell us about the properties of individual conical zeta values. It might be
an interesting problem to consider the arithmetic properties of the individual conical zeta values
associated with algebraic cones.

The proof of this theorem will be given in Section 2.4. To this end, we first prepare an integral
representation of the values of the partial zeta functions (Proposition 2.11). We will use similar
arguments and notation to [2, Section 2, Section 7].

2.3. The Hecke type integral representation. Let us take a basis wy,...,w, € a of a over
Z, and set
w:= Yw,...,w,) €a" C F",
w® = ri(w) = (ri(w),...,7i(w,)) € R"
fori=1,...,n, and

n

Ny(x) = H(w,w(i)> € Qlz1, ...,z

i=1
for x = Yx1,...,2,). By replacing w; with —w, if necessary, we assume det(w(®,. .., w(™) > 0,
where (w), ... w(™) is regarded as an n x n-matrix. Then we have

det(w®, ..., w™) = \/drNa,

where df is the discriminant of F' and Na is the norm of the fractional ideal a. Note also that
w defines an isomorphism

(—w): Q" —==F; x — (z,w)
(2.3) U U
" —sa
which extends also to (—,w): R" =+ Fg, and N,, is the norm map with respect to this isomor-
phism, i.e., we have Ny (z) = Np/g((z,w)) for z € R". We define
Ty ={z e R" | (z,w) € Fr 1}
={zeR"|Vie{l,...,n}, (z,w®) >0}

to be the subset of R" corresponding to the set Fg 4 of totally positive elements in Fr under
this isomorphism.
Moreover, let

pw: F* — GL,(Q)
be the regular representation of F* on F with respect to the isomorphism (2.3), i.e.,
(pw(a)z,w) = oz, w) € F
for « € F* and x € Q", and set
Tut = pu(O}.,) € SLu(Z)

to be the subgroup of SL, (Z) corresponding to the totally positive units of O under the map
pw- Note that I'y,  acts on Ty, y NZ".



Now, let wi,...,w;, € F be the dual basis of w,...,w, with respect to the trace Trp,q of
the field extension F'/Q, i.e.,

for i,j = 1,...,n, where §;; is the Kronecker delta. Then it is known that wj,...,w} form a
basis of the fractional ideal

a* ={a € F|Trpglaa) CZ} CF.

Repeating the above construction, we define

w* = Ywi,...,wk) € F",
w* @ = 1 (w*) = Yry(w?), ..., m(w))) € R,
Ny« (z) == H<x7w*(i)> € Qlzy,...,zn],
i=1
pw: F* = GL,(Q)
starting from the dual basis w7, ..., w}.
Lemma 2.6. (1) w*®, .. w* ™ are the dual basis of wV, ..., w™ with respect to (—, —),

i.e., we have
(w® w*)y = Sij-
(2) We have
Clow,.. wmy ={z € R" [ Vi€ {1,...,n}, (x,w*(i)> > 0},
Clw, ey ={z €R" [Vie {1,...,n}, (z,wD) >0} =T 4.
Here recall that C,a) . my (Tesp. Clyeary
vectors wM ... w™ (resp. w*D .. w* ™), cf (2.1). In particular, we see that T+

1s an F'-rational cone.
(3) Fora € F* andi€{l,...,n}, we have

W(n))) denotes the cone generated by the

,,,,,

pu(@w® = 7 (a)u*®),

i.e., w*® is an eigenvector of py () with eigenvalue ().
(4) For~y € Ty 4, we have
Ny ("yz) = Ny-(z).

Proof. (1) Set
W= (wW,...,w™) € GL,(R),
W= (w*®, ... w™) e GL,(R).
Then since w7, ..., w;, are the dual basis of wy,...,w, with respect to Trp g, we find
W*W = (Trpjq(wiw;))i; = (3i;)ij,
and hence
(@D, w D))y = WW* = (8535
The assertions (2) and (3) follow from (1), and (4) follows from (3). O

Next, we consider the following infinite series.
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Definition 2.7. For k € Z>1, a subset C C R"—{0}, and y € C"—{0}, set

1
bneoW) = Y T—mr
zECNZ™ (@, y)
whenever the sum is convergent.
Remark 2.8. (1) In the case where n = 2, y = (2,1) with z € $ (the upper half plane),

the series

Yok,c(y) = > !

242k
Yx1,w2)ECNZ2 (xlz + :L‘g)

can be seen as a “fragment” of the holomorphic Eisenstein series of weight 2 4+ 2k, in
which the sum is restricted to the subset C.

(2) In [2], we have considered the case where C' is (the Q-perturbation of) a rational cone, in
which case 1,i,c is essentially a finite sum of the Barnes zeta functions. In this paper,
we will consider the case where C' is an algebraic cone T}, ;.

Proposition 2.9. For k € Z>;, the infinite series

1
Yk, 4 (Y) = Z Ty E

TETy, +NZ™

converges absolutely and locally uniformly on
Yug i={y € C"—{0} | INe C*,Vi € {1,...,n},Re((w* D, \y)) > 0}.

Proof. This can be proved in a straightforward way. Here we give a proof which uses [2, Proposi-
tion 6.1.2]. First, note that it suffices to prove that ¢ 1, , (y) converges absolutely and locally
uniformly on

Vi={yeC"—{0}|Vie{l,...,n},Re((w* @D y)) > 0}.
Let v =4y},...,y,) € V. By Lemma 2.6 (2), this is equivalent to

Re(y') = (Re(y1). ..., Re(¥,)) € Crpr imy = 3 Roguw®.
=1

Then we can take linearly independent agq,...,a, € Q"N C(w(l)“_”w(m) such that Re(y’) €
Cla,...,an)- Let o, ..., a5 € Q" be the dual basis of ay,. .., a, with respect to the dot product
(—,—). Set I :=(of,...,al), and
Vi :={y e C"—{0} | Vi € {1,...,n},Re({c,y)) > 0}
:{y € (Cn_{o} ‘ Re(y) € C(oz,..‘,an)}'

Then again by using Lemma 2.6 (2), we see that ¢’ € V; C V and that T\, + C C;r =Y i | Rypal.
Therefore, now it suffices to prove that

1
wnk,CI (y) = Z W

zeCrnznr

converges absolutely and locally uniformly on V7, and this follows from [2, Proposition 6.1.2]. O

Let w denote the (n — 1)-form on C"—{0} defined by
w(y) = Z(_l)i_lyidyl Ao Ndyp N Ny,
i=1
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where dy; means that dy; is omitted. Moreover, let
7c : C*—{0} — P"~}(C) := (C"—{0})/C*
denote the natural projection, and set
Yoy i=mc(Yu.s) C PPHC).

Note that by Lemma 2.6 (2), (3), we see that 'y, + C SL,,(Z) acts on f/w,—s- and Y, + by

(2.4) B Yy S Yy ye Ty
where %y~ !y on the right hand side is the usual matrix action of the transposed inverse of v from
the left.
Corollary 2.10. For k € Z>1, the (n — 1)-form
Nu () bk 1., , (W) (y)

on ?w# defines a Ty, 4 -invariant closed (n — 1)-form on Y,  C P"~Y(C). Here the Ty ;-
invariance means that we have

N+ (7' 9) Pk, z, 2 (V)07 Y) = Now (9) ¥, 4 (W) (y)
forally €Ty 1.

Proof. By Proposition 2.9, Ny« (y)*{nk.1,, . (y) defines a holomorphic function on }N/w,_s_ which is
homogeneous of degree —n, i.e.,

N+ ) tni 7, (V) = A" Nu= () Uiz, (v)
for A € C*. Therefore, we see that Ny« (y)*¥ni 1, . (y)w(y) defines a holomorphic closed (n—1)-
form on Y,, y C P"71(C).
To see the Iy, i -invariance, let v € T, 4. First by Lemma 2.6 (4), we have Ny« (v~ ty)k =
N+ (y)*. Moreover, since we see that w(gy) = det(g)w(y) for g € GL,(C), we have w(*y~ly) =
w(y). Finally, since Iy, 1 is acting on T, + N Z", we find

1
wnk,Twar (t’yily) = Z

vET rn <£U, ty*ly>n+nk

- ¥ g
(y~ta,y)nink

z€Ty, +NZ"
= > W = Yk, 1 (9):
€Ty, +NZ™ Y
This shows the corollary. O

Now, set

AS | = {t =t1,...,t,) € R,

We embed A2_; into R"™! by
A L S RNt ) = [ty )

and equip A®_; with an orientation induced from the standard orientation on R"~1.
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For I = (a1,...,a,) € (C"—{0})™ such that aq,...,a, are a basis of C™ over C, we define
? = TC (C(al,-»-,an)) C ]Pm_l((C)

to be the image of the cone C(4, . qa,) = S Rega; € C"—{0} in P"~*(C). We have an
isomorphism

or: A2 T A CPHC); b=ty ) = mc(Ztiai),
i=1

and we equip A} with an orientation induced from A} _; via this isomorphism.
Let us consider the case where a; = w(® and set
Abg =A%, ) = Tc(Clpm

.....

,,,,,

Lemma 2.6 (3), we see that the action (2.4) of ', 4 on ?er (resp. Yy 1) preserves Cy,)  y0m)
(resp. Aj, 4 and its orientation), and hence by Dirichlet’s unit theorem we see that I, \A, |
is a compact oriented manifold of dimension n — 1.

Then we have the following integral representation of (4 (a™1, k).

Proposition 2.11. For k € Z>2, we have

((k = D))" Vdr

WCF,+(a‘1,k).

(2.5) /F A Nu+ ()" 1) 1, (W)w(y) =

In order to prove this proposition, we recall a classical formula known as the Feynman
parametrization.

Proposition 2.12 (Feynman parametrization). Let x € C*—{0}, and let ay,...,a, € C" be a
basis over C such that Re({(z,a;)) > 0 for alli=1,...,n. Moreover, let of,...,al € C" be the
dual basis of ay, ..., a, with respect to (—,—). Set

(o]

(@1,...y0m) = WC(C(OH ----- Oén)) C Pn_l((c)a

and equip A?al ) with an orientation as above. Then for k = (k1,...,k,) € ng we have
/ (o y>’f1 o y>k7n w(y) _ k! det(aq,...,an)
o i n (z,y)r+Ikl  (n 4 k| — D! {z, )+ (2, Yen T1

(TR an)
where |k| =ki + -+ k, and k! = k1! k.
Proof. See, for example, [7] or [2, Proposition 7.1.3]. O
Proof of Proposition 2.11. Let A C T, + NZ" be a system of representatives of I'y, 4\ (T + NZ™).

Then by using Proposition 2.12 as well as the Iy, y-invariance of N, (Lemma 2.6 (4)) and w,
9



we find

/ Nw*(y>’f-1wn<k,n,n,+<y>w<y>
w +\AIOU +

:/Fer\Af” P> Z (yz,y)" )

yET w,+ z€EA

—Z/ > Nu-(y) 1Ww(tvy)

weA’Tw+\AL | yer, o

L1
=2 / 2 <x,y>”’“w(y)

T€EA Aw+
(k= DY det(w®, .. w™) > .
= (nk — 1)! = Nw(x)k
RO
WCM( k),
where Proposition 2.12 is used in the fourth equality with a; = w(. 0

2.4. Proof of the main theorem. We also need the following classical fact.

Proposition 2.13 (Shintani cone decomposition). There exists a finite set

n

P C H(C(w(1>,...,w('”>) N Zn)r

r=1
satisfying the following conditions:

i) Foralll = (aq,...,qap) € @, the vectors aq,...,a, € Cr, 1) )y NZ"™ can be extended
(w®,.. w)
to a basis of Z™ over Z. In particular, the cone Cy is a smooth cone for all I € ®.

(ii) We have
C(w(l),...,w(")) = H H t/yCI

’YEFw,+ Ied
Here [] denotes the disjoint union.

Proof. Tt is well known that there exists ® with condition (ii), cf. [9]. Then by subdividing each
cone if necessary, we achieve the condition (i), cf. [4, Section 11.1]. O

Remark 2.14. Note that there is also a stronger version of this proposition which requires ®
to be a fan, cf. [1, Chapter III, Corollary 7.6], [8]. However, for our purpose, Proposition 2.13 is
sufficient.

Proof of Theorem 2.3. We will prove the theorem by computing the left hand side of (2.5) in a
different way from Proposition 2.11 using the Shintani cone decomposition.
Take ® as in Proposition 2.13, and let

(2.6) M = 0N (Clyprr,_imy NZ™)™,
ie., @™ is exactly the subset of ® such that C; is an n-dimensional cone for I € ® . By
permuting the order of the vectors if necessary, we may assume
det(I) =det(ag,...,an) =1
for all I = (a1,...,a,) € ®™. Note that in the case n = 1, we automatically have oy = 1,

because we have assumed that det(w™, ..., w™) = w® >0 and a; € Ryquw®.
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For I € &) note that we have
Af =mc(Cr) C Ayt CYy o,

and that the orientation of Ay coincides with the orientation restricted from

A7, + because

det(I) > 0 and det(w®,... w(™) > 0. Therefore, by the conditions (i) and (ii) of ®, we see

that

/Fw,+\A?u,+ Z /

Iea(™
for any Iy, 4-invariant (n — 1)-form on Y,, . Hence we find

/ Noe ()5 oy o, )(1)
Ly, +\A10U +

1
Z / Ny~ (y Z Wu}(y)

Ied(n) €Ty, NZ™

(2.7)

Now, regarding each I € ®(™ as an element in SL,,(Z), we have

? = IAEJel ..... en)?
where ey, ..., e, are the standard basis, i.e., e; = {0,...,0, i, 0,...,0), and hence
1
> [ N S )
. . (@y)
ePp(n) €Ty, +NZ
1
_ k—1
©3) =X [ Nemt Y )
I€d(™) ¥V Pleq,...ien) €Ty, 4NZ™ V7
_ 1
= Z Ny (Iy)k ! Z <£C >nkw(y)
Team) VAl en) T E€UTy,, +NL" Y
Now, we expand N« (Iy)*~! and set
No-(Iy) ' =1 > cray® € Qlun,. ., yn]
kEZY,
[k|=n(k—1)

for some cr g € Q, i.e., cr is the coefficient of y* =y ... ykn in N, (Iy)*~
Proposition 2.12 again (with «; = €;), we further find

N (Iy)*=' > —

k
x n
ream A% en) vt +mzn< 2 Y)
1
= k
- Z Z CIk Z / Y @ >nkw(y)
Ied()  keZL, @€ Ty 12" Y Bley ..., ) Y
|k|=n(k—1)

k! 1
=2 X (ke — 1)1 °T* > e

Ied(n)  keZ, x€tITy, N
|k|=n(k—1)

nk - o> KlerwCur,  (k+1),

rea(m  kez,
|k|=n(k—1)

11
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where 1 = (1,...,1) and k+1 = (ky + 1,...,k, + 1) for kK = (k1,...,kn). Therefore, by
combining Proposition 2.11, (2.7), (2.8), and (2.9), we obtain

1 Nak—l
. B = — % k—1)les g 1Cor. . (K),
A0 e = Gy 2 A (e e

|k|=nk
where k —1 = (ky — 1,...,k, — 1). Finally, for I € ®™ (Clw ... wm))", by Lemma 2.6 (1),
we see that 'IT, ; is a totally positive cone, and by Lemma 2.6 (2), we see that IT,, 1 is also
F’-rational. This completes the proof. U

.....

3. EXAMPLES
In this section, we illustrate our main theorem with some examples.

3.1. The case of F' = Q(/5). In this subsection, we consider the case where n = 2, F = Q(+/5),
and a = Op = Z[H'Z\/g], i.e., Example 1.4.
In this case, first we have

O;:{il}x{<1+2\/g> |uez},
{5 |

@l = Y !

N x)s
fEGOF,+/O;=+ F/Q( )

and hence

1
- 2 |Nrjg(z)|®

z€(0r—{0})/0F
where (g (,/5(s) is the Dedekind zeta function of Q(v/5). Moreover, we have dp = 5.

Now, let us choose w :=? (HT‘/S, 1) as a basis of a over Z. Then the dual basis w* = (w7}, w}),

the dual norm polynomial V.-, and the F-rational cone T}, + can be computed as follows:

L1 —1+V5
YA\ s )

1
Ny« (21, 22) = (—x% + x129 + x%),

5

1 _ 1
Tw+ =Rso (ffﬁ) +R>o < +\/\/gg>

2V5 2v/5

1+5 1-V5
:R>o( ; )+R>o( ; )

Moreover, the cone decomposition ® in the sense of Proposition 2.13 can be taken as ® = {I, J}

= (O-): ()
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Then its two-dimensional part ®?) (cf. (2.6)) becomes () = {I}.

Therefore, by putting
3+v56 3—v5
C:ZtITw’+=R>0( i >+R>O( % )7

we obtain the following from (2.10) in the proof of Theorem 2.3.

Corollary 3.1. For k € Z>2, we have

1
Cova) (k) = (CEDIEG S (k= D(ke — Dleg oy —1,k,-1)Co (k1 2),
(k1,k2)€Z2
K1+ ko =2k

where cr (k,—1,k,—1) 15 the coefficient of ykl 1yk2 Lin

k—1
_ - 1
N (Iy)F =1 = N (y1, 51 +y2)F 71 = <5(yf + 3y112 +y§)> .

This shows (1.1) in Example 1.4. In the cases where k = 2,3, the coefficients ¢y (5, —1,k,-1)
can be computed by

1
Ny (Iy)*~' = g(yf +3y1y2 + 43),

4 1
Ny (Iy) =2 —(yi + 63y + 11yiys + 6y1y3 + y3).

Moreover, we see that (o (k1, ka) = (o (ka, k1) from a simple observation that (xy,z5) € C if and
only if (x2,21) € C. Thus we find

Corv) (@) = ﬁ (260(3.1) + 30(2,2) + 2¢0(1.3))

5\[ (4¢c(3,1) + 3¢c(2,2)),

+6-6¢c(2,4) + 24¢c(1,5))

= 57 1200(5.1) + 180 (4.2) + 11Cc((3.9)),

which shows (1.2) and (1.3) in Example 1.4.

3.2. The case of F = Q(cos(%F)). Let

2 4
n=nW .= 2cos(7ﬂ), n® := 2 cos( ;T) n® = 2(305(6:)

be the three roots of the cubic polynomial X3 + X2 —2X — 1. Note that we have n(?) =72 — 2,
n® = —n? —n+ 1. Thus F := Q(7) is a totally real cubic field, and it is known that its ring of
integers is Z[n] whose ideal class group is trivial and dr = 49.

In this subsection, we consider the case where n = 3, F = Q(n), a = O = Z[n]. In this case,
by setting

51::n2_15 52::772—'_77_2’

13



it is known that

X Z Z
Op ={£1} x &7 x &3,
X _ 27 27
Op ., =¢1" xe&37,
and hence

Cr(a™,s) = Coen (5),

where (g(n)(s) is the Dedekind zeta function of F' = Q(n).
Now, let us choose w := {n?,7,1) as a basis of a over Z. Then the dual basis w* = (w}, w}, w}),
the dual norm polynomial N,,«, and the F'(= F)-rational cone T, + can be computed as follows:

1 1 !
w* = t(7(2n2 +n-3), §(772 +2n—1), ?(_3772 —n+ 7)) ’

3 2 2 2
Ny« (x1, 20, x3) = —( — 2] — 207x2 + 20723 + T125 + D223

49
2, .3 2 2 _ .3
+ z25 + x5 — 3xsxs — dasxs — ),

3
Tw’+ = Z R>0w*(l),
i=1

with
; 1 . - 1 ) ) 1 ) .
w® =* <7<2(n“))2 + 0 =3), 2 (") + 200 = 1), 2 (=3(n)* — 0™ + 7))
fori=1,2,3.
Next, we describe the cone decomposition. Put
1 2 1 1 2
ap:=|0),ar:=-1),a0:=-1),a3:=-1),a4:=|-1],
1 1 3 2 2

and set
Il = (040,042,043)712 = (050,0437044),13 = (0&0,0[4,041),[4 = (044,043,041),
I5 := (a0, 1), 16 := (o, a2), I7 := (a0, 3), Is := (o, as),
Ig = (al,a4),110 = (Oég,CM),Ill = (Cko),.[lQ = (Oél).

Note that ag, a1, asz, as are chosen so that a; = py (£%)ag, az = pu+(e3)ao, az = pu-(£363) 0,
and a4 is an auxiliary vector to make cones smooth. Then, by using [3, Lemme 2.2] with totally
positive fundamental units €2, €2, we find that ® = {I; | i = 1, ..., 12} gives a cone decomposition
in the sense of Proposition 2.13. In this case, the three-dimensional part ®®) becomes

@(3) = {113127137]4}-
Therefore, by setting
Ci = tIiTw$+, 7;:].7...,4:7

we obtain the following form (2.10).
14



Corollary 3.2. For k € Z>2, we have

Caen (k) = W > D (k—=1)les k1o (),

i=1 gezd |
|ke|=3k

where cr, -1 15 the coefficient of yfl_lygz_lyé%_l in Ny (Liy)k=1 for k = (ky, ks, k3).

In the cases where £ = 2,3, by computing the coefficients cr, x—1 explicitly, we find the
following:

1 4
(3.1) Com@ =m5>_ D dr-ade(k),

=1 gezl,
|k|=6

4
(3:2) C@(n>(3)=7152 > drile (k)

=1 ez,
||=9

where the coefficients cgj r_1 are given in Table 1 and Table 2.

k Cll,k g B Cﬁ;,k k Ak CIQ,k e ok
A1 6 6 6 42 2,13) | 12 28 10 14
(3,2,1) | 12 10 14 28 (14,1) | 6 6 42 6
(3.1,2)| 10 14 12 28 (1,3,2) | 12 14 28 10
(2,3,1) 10 12 28 14 (1,2,3) 10 28 14 12
(2,22)| 13 21 21 21 (1,14) | 6 42 6 6

TABLE 1. ¢}y for k=2

k Cll,k g Bk Cﬁ;,k k Ak CIQ,k i Sk
(7,1,1) 90 90 90 4410 (3,1,5) | 276 1764 222 462
(6,2,1) 180 150 210 2940 (2,6,1) 150 180 2940 210
(6,1,2) | 150 210 180 2940 (2,5,2) | 258 378 2058 336
(5,3,1) 276 222 462 1764 (2,4,3) 327 735 1281 462
(5,2,2) | 258 336 378 2058 (2,3,4) | 318 1302 693 504
(5,1,3) | 222 462 276 1764 (2,2,5) | 258 2058 336 378
(44,1)| 279 279 945 945 (2,1,6) | 180 2940 150 210
(4,3,2) 327 462 735 1281 (1,7,1) 90 90 4410 90
(4,2,3) | 318 693 504 1302 (1,6,2) | 180 210 2940 150
(414)| 279 945 279 945 (1,53) | 276 462 1764 222
(35,1) | 222 276 1764 462 (1,44) | 279 945 945 279
(3,4,2) 318 504 1302 693 (1,3,5) 222 1764 462 276
(33,3) | 349 847 847 847 (1,2,6) | 150 2940 210 180
(324) | 327 1281 462 735 (1,1,7) | 90 4410 90 90

TABLE 2. ¢}y for k=3

15
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