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Abstract

In this paper we study the geodesic continued fraction in the case of the Shimura
curve coming from the (2,3, 7)-triangle group. We construct a certain continued
fraction expansion of real numbers using the so-called coding of the geodesics on
the Shimura curve, and prove the Lagrange type periodicity theorem for the ex-
pansion which captures the fundamental relative units of quadratic extensions of
Q(cos(2m/7)) with rank one relative unit groups. We also discuss the convergence
of these continued fractions.
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1 Introduction

Let n := 2cos (27”) € R be the unique positive root of X3+ X2 —2X — 1. The aim of this
paper is to present a geometric construction of the continued fraction expansion such as
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with the Lagrange type periodicity property (Theorem 3.4.1 and Theorem 3.4.5). Here
the term (1 —7?),/7 on the both sides should not be deleted in order for this continued
fraction expansion to have the natural geometric meaning. See Example 3.5.2.
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The classical Lagrange theorem in the theory of continued fraction says that the
continued fraction expansion of a given real number becomes periodic if and only if
the number is a real quadratic irrational, and that the period of the continued fraction
expansion describes the fundamental unit of the associated order in the real quadratic
field. Analogously, we know that a given geodesic on the upper-half plane b becomes a
closed geodesic (“periodic”) on the modular curve SLy(Z)\b if and only if the two end
points of the geodesic are conjugate real quadratic irrationals, and that the length of the
closed geodesic becomes the regulator of the associated order in the real quadratic field.
Cf. Theorem 2.1.1.

Our motivation for this study is to extend the Lagrange theorem to number fields
other than real quadratic fields based on this geometric analogue of the Lagrange the-
orem. In a previous paper [3], based on this analogy and inspired by the works of
Artin [2], Sarnak [14], Series [15], Katok [9], Lagarias [12], Beukers [4], etc., we have
studied the geodesic multi-dimensional continued fraction and its periodicity using the
geodesics on the locally symmetric space of SL,. As a result we have established a
geodesic multi-dimensional continued fraction and a p-adelic continued fraction with the
Lagrange type periodicity theorems in the case of extensions E/F' of number fields with
rank one relative unit group, and in the case of imaginary quadratic fields with rank one
p-unit group, respectively. Recently the author found that Vulakh [19], [20] had also
used the same idea to compute the fundamental units of some families of number fields.

In this paper, we study the case of Shimura curves, with particular focus on the
specific example coming from (2,3, 7)-triangle group A(2,3,7), as it captures most of
the essential features and provides many simple and illustrative examples. We construct
a continued fraction expansion using the geodesics on the Shimura curve A(2, 3,7)\b, and
prove the Lagrange type periodicity theorem for quadratic extensions K/Q(cos(27/7))
with rank one relative unit groups. We refer to such an extension the “relative rank one”
extension. Although these number fields can already be treated in the previous paper
[3], a major difference is that we can actually expand numbers in the form of “continued
fraction” as in (1.1), while the geodesic multi-dimensional continued fraction in [3] only
gives a sequence of matrices in SL,(Z).

The idea of considering the geodesic continued fraction for some arithmetic Fuchsian
groups is briefly discussed in [7] by Katok. In the final sections (Remark and Examples)
of [7], Katok considers the arithmetic groups coming from quaternion algebras over Q,
and gives some examples of the periodic geodesic continued fraction expansions (Katok
calls this the “code”) of closed geodesics. Some of the essential ideas in this paper are
generalization of Katok’s ideas to our case of quaternion algebras over totally real fields
F, especially Q(cos(27/7)).

Our strategy is as follows. First we extend the geometric analogue of the Lagrange
theorem (Theorem 2.1.1) to Shimura curves (Proposition 2.2.2). We treat a general
Shimura curve, not only the one coming from the (2,3, 7)-triangle group, since the ar-
gument does not change too much. Then we restrict ourselves to the Shimura curve
A(2,3,7)\h and construct the continued fraction expansion which can detect the rela-
tive units of the relative rank one quadratic extensions of Q(cos(27/7)) as the periods



of the continued fraction expansion.

For this purpose, we use the technique called the geodesic continued fraction studied
by Series [15], Katok [9], etc. in the field of reduction theory, dynamical systems, etc.
(Some authors refer to the geodesic continued fraction also as the cutting sequence or
the Morse coding.) In order to obtain a convergent continued fraction expansion which
is similar to the classical one such as (1.1), we slightly modify the original algorithm
by considering the regular geodesic heptagon which is the union of some copies of the
fundamental domain. Here we use the generator of A(2,3,7) given by Elkies [5], Katz-
Schaps-Vishne [11]. See Figure 1 and Definition 3.2.5. Then we consider the formal
continued fraction expansion (3.16) associated to the geodesic continued fraction, and
discuss its convergence. In fact, although the traditional k-th convergent of (3.16) does
not converge in general, we show that there is a natural regularization of the k-th con-
vergent and prove its convergence. See Theorem 3.3.2, Corollary 3.3.3 and Corollary
3.3.4.

Finally we study the Lagrange type periodicity of our continued fraction expansion.
We prove two versions of the periodicity theorem: the first version Theorem 3.4.1 is about
the closed geodesics on the Shimura curve A(2,3,7)\h, and the second refined version
Theorem 3.4.5 is about geodesics not necessarily closed on A(2,3,7)\h. Note that it is
a well known fact that the geodesic continued fraction (or the cutting sequence/Morse
code) of a “generic” geodesic becomes periodic if and only if the geodesic becomes
closed geodesic on the quotient space. Cf. Katok-Ugarcovici [10, p.94]. Therefore, (1)
of Theorem 3.4.1, i.e., the periodicity of the geodesic continued fraction expansion itself,
follows naturally from Proposition 2.2.2 and this fact. On the other hand, we need more
argument for the latter part of Theorem 3.4.1 about the fundamental unit. Actually, we
have to take care about the vertices of the fundamental domain in order to obtain the
fundamental units as a minimal period of the continued fraction expansions. We also
need some delicate arguments for the periodicity in Theorem 3.4.5. See also Remark
3.4.6.

Remark on some relevant preceding studies There are many literatures which
study the closed geodesics on hyperbolic surfaces (not necessarily Shimura curves) using
the periodic geodesic continued fractions or the cutting sequences/Morse codes.

For example, in [16], [7], [1], Series, Katok and Abrams-Katok study the reduc-
tion theory for the general Fuchsian groups or the symbolic dynamics associated to the
geodesic flows on hyperbolic sufaces using the cutting sequence for (certain classes of)
Fuchsian groups. As we have mentioned above, in [7], Katok considers the case where
the Fuchsian group is coming from the quaternion algebras over Q. Some new features
in this paper are to give the continued fraction expression such as (3.16) and to estab-
lish an explicit correspondence between the period of continued fraction expansions and
the fundamental relative unit of certain quadratic extensions over the totally real field
Q(cos(27/7)).

As another example, in [18], Vogeler studies the closed geodesics on the Hurwitz
surface (= A(2,3,7)\h). He associates each “edge path” the hyperbolic element in the



(2,3, 7)-triangle group A(2,3,7), and hence the geodesic on h which becomes closed on
A(2,3,7)\h. On the other hand the “edge path” admits a very simple combinatorial
description using the words consisting of R and L. Using this correspondence, he com-
binatorially studies the length spectra of closed geodesics on A(2,3,7)\h. In this paper,
we basically study the reverse direction, that is, we input the geodesics (not necessarily
closed) and output the RL-sequences or the hyperbolic elements if the geodesic contin-
ued fraction becomes periodic, and discuss its relation to unit groups of the quadratic
extension of Q(cos(27/7)).
To sum up, the upshots of this paper are
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(1) to give a new explicit presentation of any real number as a “convergent” continued
fraction such as (1.1) or (3.16) which becomes periodic if and only if the number is
a certain algebraic number, and

(2) to establish the correspondence between the periods of such continued fractions and
the fundamental relative units of the “relative rank one” extensions of Q(cos(27/7)),

by using the arithmetic and geometric properties of the Shimura curve A(2,3,7)\b.

2 Preliminaries on Shimura curves

Let F' be a totally real number field of degree d > 1 and let O be the ring of integers
of F'. We denote by o1, ...,04 the set of archimedean places of F. We also denote by
o F— F, =R (1 <i<d) the completion map of F' at 0;. Let A be a quaternion
algebra over F' and let O C A be a maximal order, i.e., an Op-subalgebra of A which is
finitely generated as an Op-module such that O ®o,. F' = A, and not properly contained
in any other such Op-subalgebra. We denote by O! := {x € O* | nrd(z) = 1} the
group of reduced norm one units in O, where nrd : A — F' is the reduced norm on A.
Suppose that A is unramified at o7 and ramified at o9, ..., 04, i.e., AQp Fy, >~ Ms(Fy,)
and A ®p F,, ~ H (the Hamilton quaternion) for ¢ = 2,...,d. Let us fix such an
isomorphism (as F,,-algebras)

i A Fyy 55 My(Fy,) = Ma(R), (2.1)

and set T'p := ¢(O'). By the definition of the reduced norm, I'p is a subgroup of SLs(R)
and acts on the upper-half plane by the linear fractional transformation.

To be precise, we denote by h := {z = 2 + /1y € C | Im(z) = y > 0} C C the
upper-half plane. We naturally embed b into P*(C) := CU {cc}, the complex projective
line with the usual topology as a manifold. Then the boundary 94 of b in P*(C) becomes
PY(R) := R U {co}, and we denote by b := h UP}(R) the compactified upper-half plane
in P1(C). The group GLy(R) acts on P}(C) by the linear fractional transformation:

_az+b _fa b 1
= for ’y—(c d)EGLg(]R),zEP((C), (2.2)



and the action of SLy(R) preserves h and P}(R). Thus SLy(R) also acts on h and
P'(R) by the linear fractional transformation. We also equip h with the Poincaré metric
ds? = dzz%d?f (z = x ++/—1y € b). The action of SLy(R) on b is preserves this metric,
and hence preserves the geodesics on b.

Then it is known that I'» acts properly discontinuously on §, and the quotient space
I'o\b has a canonical structure of an algebraic curve over Q. See Shimura [17]. Algebraic
curves obtained in this way are called the Shimura curves (of level 1).

In the following, for a, 3 € P}(R) = R U {oc} such that a # 3, we mean by the
oriented geodesic on b joining B to o the geodesic on § joining o and S equipped with
the orientation from 3 to «, and denote by wg_,,.

2.1 The modular curve

In this subsection we recall the case of the modular curve SLy(Z)\h as an example of
Shimura curve and explain the geometric interpretation of the Lagrange theorem which
is the key idea for our generalization of the Lagrange theorem.

We consider the case where F' = Q, A = M3(Q) and O = My(Z) C A. We choose
the canonical base change isomorphism ¢ = id : M2(Q) ® R ~ M3(R) as an identification
(2.1). In this case, we have I'o = SL2(Z) and the resulting Shimura curve I'o\h =
SLo(Z)\b is the classical modular curve. Then the following fact, which we shall refer
to as “the geodesic Lagrange theorem” due to its resemblance to the classical Lagrange
theorem, is known about closed geodesics on the modular curve SLy(Z)\b.

Theorem 2.1.1 (The geodesic Lagrange theorem).

(1) Let o, 8 € RU{oo} = 9h such that o # 3, and let w be the oriented geodesic on the
upper-half plane b joining B to a. We denote by @ the projection of the geodesic w
on the modular curve. The following conditions are equivalent.

(i) The projected geodesic T becomes a closed geodesic, i.e., T has a compact
image in SLa(Z)\b.

(ii) There exists a hyperbolic element v € SLy(Z) (i.e., v has two distinct real
eigenvalues) such that yw = w, i.e., ya = o and v = B.

(iii) The end points o, B are real quadratic irrationals conjugate to each other over

Q.

(2) Suppose that the above conditions are satisfied. Let I', := {y € SLy(Z) | yw =
w} be the stabilizer subgroup of w in SLo(Z), and define an order O, in the real
quadratic field Q(a) by O :={z € Q(a) | v(Za+Z) C (Za+ Z)}. We denote by
Ol :={z € OF | Ng(a)/q(x) = 1} the group of norm one units. Then the following
natural map is an isomorphism of groups.

' = Ok <CCL Z) — ca+ d. (2.3)



Recall that the Lagrange theorem says that the continued fraction expansion of a
real number « becomes periodic if and only if « is a real quadratic irrational, and we
can actually compute the fundamental unit of O, from the period of continued fraction
expansion of a. Therefore, Theorem 2.1.1 can be seen as a geometric interpretation of
the Lagrange theorem. For the proof of this theorem, see the discussion in [14, §1.3] or
Proposition 2.2.2 and Lemma 2.2.3 of the present paper.

In the following we first extend Theorem 2.1.1 to the Shimura curves I'o\b explicitly
(Proposition 2.2.2). Then we restrict ourselves to the special case where I'o becomes
the so called (2,3, 7)-triangle group, and construct our continued fraction explicitly. We
first discuss the convergence of the continued fraction expansion, and then deduce the
Lagrange type periodicity theorem from Proposition 2.2.2.

2.2 Closed geodesics on Shimura curves

Now we return to the general setting and use the notations in the beginning of Section
2, i.e., F' is a totally real field of degree d, A is a quaternion algebra over F' such that
A®gR ~ My(R) x H¥"!, O C A is a maximal order of A, etc. In the following we also
assume that A % Ms(F) (hence A is a division algebra), since the case where A ~ My (F')
has already explained in the previous subsection. (Note that if A ~ My(F') then F must
be Q by the assumption A ®g R ~ My(R) x HI1.)

For simplicity, we regard F' as a subfield of R via the embedding o1 : F' — F,, = R.
In order to extend Theorem 2.1.1 we fix the identification ¢ : A ®p R = My(R) (2.1)
explicitly as follows. Since char F' = 0 # 2, the quaternion algebra A is isomorphic to

b b
<a1,:‘ for some a,b € F*. Here (?) is the quaternion algebra generated by the

basis 1,1, j, k of the following form.

b
<a}):F+Fi+Fj+Fk (2.4)

2,2 =0bij=—ji=k. (2.5)

1

By the assumptions A ¢ Ms(F) and A @ R ~ M(R), we have a,b ¢ (F*)? and
b —ab

(sgn(a),sgn(b)) # (—1,—1). Since <a, ) ~ <a, a >, we assume a,b > 0. We take a

F F
splitting field L := F(v/b) C R. For z € L we denote by Z the conjugate of z over F, i.e.,

Lo Liz=x+yWbz=x—yVb (z,yeF). (2.6)



Then we have an embedding
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as F-algebras which induces an isomorphism ¢ : A®@p R 5
of A under ¢ can be described as follows:

LZA;{(Z afu)
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In the following we regard A as a subalgebra of Ms(L) via this identification. Then
the reduced norm and the reduced trace on A is nothing but the restriction of the
determinant and the trace on My (L) respectively, i.e.,

zZ,w € L} C Ms(L). (2.8)

nrd = det :A — F (Z a;u) — 2Z — aww, (2.9)
trd = tr :A — F; (5} a;u) =24z (2.10)

Now let «, B € RU{oo} = 0h such that a # 3, and let wg_,, be the oriented geodesic
on b joining 5 to a. We denote by @gs_,, the projection of wg_,, on the Shimura curve
T'o\b. Let

Lopo =17 €T0 | 7@pa = @p—a, 1.6, ya = a and 73 = B} (2.11)
be the stabilizer subgroup of @wg_, in I'n. We recall the following elementary fact.

Lemma 2.2.1. An element v € I'y, . is a hyperbolic element (i.e., an element with
distinct real eigenvalues) if and only if v # £1.

Proof. Let v € I',_, . First note that v is diagonalizable in M3(R) since it has two
distinct fixed points «, 8 € P}(R). More precisely, let

aq
v = , W=
(o3

be the eigenvectors of v corresponding to the distinct fixed points «, 8 respectively, i.e.,
a=|ar:as],B=[p1: Pa] in PL(R). Let A, u € R be the eigenvalues of 7 corresponding
to v, w respectively. Then we have

_f(ar B\ (A 0\ (a1 B -
7_<042 52) (0 M) <a2 52) ' (2.13)

(g;) e R2—{0}, (2.12)



Now, if A = u, then A = o = +1 since dety = 1, and hence v = +1. Therefore, we see
that v has distinct real eigenvalues if and only if v # +1. O

The following proposition extends Theorem 2.1.1 to the Shimura curve I'p\b.

Proposition 2.2.2 (The geodesic Lagrange theorem for Shimura curves). Let the no-
tation be as above. Then the following conditions are equivalent.

(i) The projection Ta—,q becomes a closed geodesic, i.e., TWa—q has a compact image
m Fo\[].

(ii) There exists a hyperbolic element in Uy, i€, Uy, # {1}

(iii) The two endpoints o and 3 are of the following form:
(6 :ﬁ(z_zi\/Dz,w) (2 14)
B =552 = 2F /Dz)

for some z,w € L such that D, := (z — 2)* + daww > 0. Here if w = 0, we
assume (a, ) = (0,00) or (00, 0).

Before proving this proposition we introduce some more notations. Suppose that
a, 3 € RU{oo} can be written in the form

1

a:ﬂ(z—ziuDz,w) (2.15)
B = i('z —ZF Dz,w) (216)

for z,w € L such that D, ,, = (2 — Z)2 + 4aww > 0. Note that we have D, . € F by the
zZ aw

definition. Set 0, 4, := <w s ) € A C Ms(L). Then we define

Kowi=F[f..] C A (2.17)

to be the F-subalgebra of A generated by 0, ,,, and set O, ,, := K, ,, N O. Note that we
have 6, ,, ¢ F because D, ,, # 0. We denote by O;w =07, N O! the group of reduced
norm one units in O 4.

Lemma 2.2.3. (1) The subalgebra K, ., is a mazimal (commutative) subfield in A.

(2) The field K, is a quadratic extension of F, and the reduced norm on A restricted
to K, . coincides with the field norm of K .,/ F.

(3) The field K 4, splits at the place o1 and ramifies at the places oo, ..., 04, i.e., K, ,®p
R~R xR and K, ,, ®r F,, ~C for2 <i<d.



(4) Let F(\/D. ) C R be the quadratic extension of F' in R generated by /D, . Then
we have the following isomorphism of fields:

~ T
pa: Kow 5 F(/Doow); (Z t) 5 sa +t. (2.18)

(5) We have the following identity:

K, ={ye A" CGLa(L) | ya = a,yf = B} (2.19)
={ye A* CGLy(L) | ya = a} (2.20)

In particular, the subfield K, ,, C A depends only on «, and does not depend on the
choice of z,w € L. By taking the intersection with O' we also obtain (’);w =Ty,

(6) The subring O, C K, ts an order in K. . In particular ranky O;,w =1, and
there exists eg € O, such that O}, = {+ek |k €7}

zZ,w

Proof. (1) This is because we have assumed that A is a division algebra and 6, ,, ¢ F.

(2) Now since 0, ,, ¢ F, the characteristic polynomial P, ,,(X) = X% — tr(6,.,)X +
det (0 4) = X2 — trd(0;.4,)X + nrd(6, ) € F[X] of 0, ,, as a matrix in My(L) becomes
the minimal polynomial of 0, ,, with respect to the field extension K ,,/F. Therefore,
K. ., is a quadratic extension of F', and the reduced norm and the field norm coincide.

(3) We easily see that the discriminant of the characteristic polynomial P, ,,(X) is
tr(@z’w)2 —4det(0,,4) = D, . Therefore the assumption D, ,, > 0 implies that K, ,,/F
splits at o1. On the other hand, for 2 < ¢ < d, the assumption A ®p F;,, = H implies
that K ., @ F,, must be a field of degree 2 over R, and hence isomorphic to C.

(4) The map p, is an F-linear map which sends 1 to 1, and 6., to wa + z. Now,
since wa + 2 = 3(z+ 2% /D, ) is a root of the characteristic polynomial P, ,,(X), the
map p, is an isomorphism.

(5) Note that the fixed points of 6, in P(C) are a and 3, i.e., 0,0 = « and
0.wB = B. Let v € K. Then v commutes with 6., in K., C Ma(L), and hence
v and 6 ,, have the same eigenvectors. Therefore the fixed points of v are also o and
B, and thus 7 belongs to the right hand side of (2.19). Clearly, the right hand side of
(2.19) is a subset of the right hand side of (2.20). Now, let v € A* such that ya = «a.
It suffices to show that v € K, = F[0, ). Suppose v ¢ F[0,,,]. Then, since F[f,,,] is
a field by (1), the F-subalgebra F'[f,,,,v] C A becomes an F'[f, ,]-algebra of degree at
least 2. Therefore we obtain F'[0, ,,,7] = A by (2). By the assumption, 6, ,, and v share
the same fixed point «, and hence share the same eigenvector, say v € R?—{0}. Then
it follows that every element of A* C GLy(R) shares the same eigenvector v, and hence
every element of (A ®@p R)* = GLy(R) shares the same eigenvector v. However, this is
impossible. Thus we see v € K 4.

(6) Since O is a finitely generated Op-module and Op is noetherian, we see that O, ,,
is finitely generated as an Op-module. On the other hand, since O is an order in A, there
exists m € Zq such that m0, ., € ONK,, = O, 4, thus we see O, 4, o, F = K, 4.
Therefore O ,, is an order in K ,. Now, by (2), we have O}, = ker(Ng,  /p: OF, —

9



OF), and coker(Ng_ , /r) is a torsion group. Thus we get ranky Ol, =1Dby (3) and
Dirichlet’s unit theorem. O

We denote by Ro..w (resp. Up,w/r) the image of O, (resp. O;,w) under the
isomorphism pg, i.e.,

Ro 2w = pa(Ozw) C F(V/Dzw), (2.21)
Uo,zw/F = Pa(O},,) = ker(N (/D)) F RS — OF) (2.22)

Proof of Proposition 2.2.2. To see the equivalence (i) < (ii), let us first suppose that
Wa—a becomes a closed geodesic. Then there exists a geodesic segment I C wg_q
which surjects onto @g_,o. Take any point P € wg_,, such that P & I. Then by
definition of I, there exist a geodesic segment J C wg_,q and v € 'o —{%1} such that
P ¢ Jand vJ C I. Since I and J are both geodesic segments of wg_,4, it follows that
Y@B—sa = Wp—a, and hence we find a hyperbolic element v € ', , .. On the other
hand, if v € 'y, _,,,, 7 # £1, then for any P € wpg_,4, the geodesic segment from P to
P becomes a fundamental domain for @gs_,,, and hence @g_,, is a closed geodesic. To
see the implication (ii) = (iii), let v € I'w,_,, be a hyperbolic element. Then 7 can be
written asy =6, ,, = j} a:)) for some z,w € L with D,,, > 0 by (2.8), and we easily
see that the two fixed points «, 8 of v can be written as (2.14). It remains to prove
(iii) = (ii). Suppose « and [ are written as (2.14). By Lemma 2.2.3 (6), there exists
a non-torsion unit € € (’);w. Then, by Lemma 2.2.3 (5), we see ¢ € 'y, . Finally,
because € # +1, it is a hyperbolic element by Lemma 2.2.1. O

2.3 The Shimura curve coming from the (2,3, 7)-triangle group

Here we recall some basic facts about the case where I'o becomes the (2,3, 7)-triangle
group. Let n := 2cos (27”) € R be the unique positive root of X3 + X2 —2X — 1, and
let F':= Q(n) C R be the totally real cubic field generated by n over Q. Then we have

’7;7) = F+ Fi+ Fj + Fk with
i? = j> = p and ij = —ji = k. By taking a splitting field L := F(,/7) C R we embed A

into Ms(L) C M>(R) as in Section 2.2:
0
i 7
Z,w € L} C My(L);
J

L:A${<Z) 77Z> H(\/ﬁ 0)
0 —vi

In the following we regard A as a subalgebra of My(L) C M»(R) via (2.23). Since 7
is the unique positive root of X3 + X? — 2X — 1, we see that A satisfies the condition
A®gR =~ My(R) x H2. There is a maximal order O C A called the Hurwitz order which
is generated (as an Op-algebra) by i,j and j' := %(1 +ni+ (1+n+n2)j), ie

O = ZIn[i, j,7'] C A. (2.24)

O = Z[ ]. We consider the quaternion algebra A := (

(2.23)

10



Then it is known that [o = O' C SLy(R) becomes the (2,3, 7)-triangle group. (Strictly
speaking, the image of I'p in PSLy(R) = Aut(h) is the (2,3, 7)-triangle group.) More
precisely, let

g2 = ij/m, (2.25)
gy = 5 (14 (7 = 2)j + B )i, (2.26)
g7 = %(172 +n—1+2=1))i+ (" +n-2)ij). (2.27)

Then it is known that go, g3, g7 are the generator of O! with the relations g5 = gg =
gt = —1 and go = g7g3. See Elkies [5], [6], and Katz-Schaps-Vishne [11]. Therefore we
put A(2,3,7) :=Tp = O,

More explicitly, as matrices in SLa(R), g2, g3, g7 are of the following form:

(0 =
. (1/\/77 v ) (2.28)
1 <1+(n2—2)\/ﬁ —(n2+n—1)\/ﬁ>, (2.29)

B=a\ @3-y  1-0*-27
1 n”?+n—1 n2—1—\/ﬁ>
_ ! . 2.30
97 2(2—772+(772+n—2)\/ﬁ n?+n—1 (2:30)

See also Remark 3.1.1 for the action of g9, g3, g7 on the upper-half plane b.
In the next section we study the geodesics on the Shimura curve A(2,3,7)\b using
the geodesic continued fraction.

3 Geodesic continued fraction for A(2,3,7)\bh

Now, we have seen in Proposition 2.2.2 that the geodesics @ on b joining special algebraic
numbers become periodic on the Shimura curve I'n\h. The geodesic continued fraction
is an algorithm to observe the behavior of a given geodesic w on h with respect to the
action of I'p and enables us to detect the periodicity of w.

In the following we focus on the case where I'o = A(2,3,7). Let the notations be
the same as in Section 2.3.

3.1 Notation

For z,w € b such that z # w, we denote by (z,w) C b the open geodesic segment
joining z and w, and define by [z,w) = (z,w) U {z}, (z,w] := (z,w) U{w}, [z,w] :=
(z,w)U{z,w} C b the half open and closed geodesic segments. In the case where z = w,
we assume that (z,2) = [z,2) = (2,2] = 0 and [z, 2] = {z}. We also denote by Za the
oriented closed geodesic segment joining z to w, i.e., the geodesic segment [z, w] with
orientation from z to w. In the case where z = w, we assume Z% has the unique trivial
orientation: z to z.
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For an oriented geodesic w on h and points P, ) € w, we introduce the natural order
<w,<w by

{P <»Q ifwn[P,Q]=Pq, (3.1)

P<.Q ifwn[P,Q]=POand P#Q.

Fundamental domain Let 7, 73,77 € § be the fixed points of the elliptic elements
92,93, 97 € A(2,3,7) respectively. We also put 74 := ga73 = g773 € h. Then the (closed)
triangle F C b whose vertices are 73,74, 77 and whose edges are geodesic segments
(73, 75], [73, 77], [74, T7], is known to be a fundamental domain for A(2,3,7). See [8, pp.99—
101]

Furthermore we define D := U?:o g+ F to be the regular geodesic heptagon with the
center 7;. We denote by ey := [73,73), € := (73, 73] the uppermost half open edges of
D, and define e; := gieq, e} := gie| for i € Z/7Z. (Note that g7 = —1 acts trivially on
h.) We denote by F° (resp. D°) the interior of F (resp. D).

We define ¢p := @w_ /7, /7 to be the oriented geodesic joining —,/n to /7. By the
explicit computation using (2.28), (2.29), (2.30), we see that ¢ is exactly the geodesic
containing the edge eyg. We denote by Sy := {w € C | |w| < /7, Im(w) > 0} C b the
closed semicircle “inside” ¢g. Here |w| is the usual Euclidean absolute value on C. See
Figure 1.

Co

Figure 1: Fundamental domain

Remark 3.1.1. In Figure 1, g2 acts on h as a rotation by —m around 7o (with respect

to the hyperbolic metric on b), g3 acts as a rotation by —%” around 73, and g7 acts as a

rotation by —27” around 77. These facts can be verified by using (2.28), (2.29), (2.30).
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3.2 Geodesic continued fraction algorithm

Let @ = wg_,q be an oriented geodesic on h joining § to a (o, B € RU {oo}, a # ).

Note that if @ ND # 0, then there exist P,Q € w such that wN D = ITC>2 (possibly
P = @) because D is geodesically convex.

Definition 3.2.1. (1) We say that w enters (resp. leaves) D from e; (resp. €}) if
wﬂD:@ for P,@Q € b with P € e; (resp. Q € €}).

(2) We say that w is reduced if @ enters D from eg and |a| < /7.

Remark 3.2.2. 1. The reduced oriented geodesics can be classified into three types
according to the way they intersect with D. See Figure 2 and Lemma 3.2.3.

2. The above definition of the reducedness of geodesics is an analogue of the reducedness
of real quadratic irrationals or quadratic forms in the classical theory of continued
fraction. See Remark 3.2.7.

Figure 2: 3 types of reduced geodesics

Lemma 3.2.3. Let w = wg_,o be an oriented geodesic on b which enters D from eg
and leaves D from €] (i € Z/7Z). Then we have the following:

(1) If wND° # 0, then we have i # 0, and both w and (gtg2) ‘o are reduced.

1
(2) If wND = 13(9; 73), then we have i =5 and w = g3co. In particular, we see that
both w and (g2gs) ‘1w are reduced, and that (g3g2) ‘oo N'D° # 0.

(3) If wND = 13(9773 ;, then we have i = 0 and @w = cyg. In particular, we see that w
s not reduced and gsw is reduced.

13



(4) If wND = {13}, then we have i = 6, and (gSg2) 'w N D° = gz'w N D° # 0.
Moreover, in this case, w is reduced if and only if (gggg)_lw 1s reduced.

As a result, for any reduced oriented geodesic w, we see that there exists a unique index
i € ZJTZ, i # 0 such that @ leaves D from €;. Moreover, for such i, (gtg2) ‘1w is again
reduced.

Proof. Suppose wND = ]@ wth P € ep and Q) € €.

(1) First, if ¢ = 0, then we must have P = 73, Q = ¢773, and hence @w N D° = (),
which is a contradiction. Therefore, ¢ #£ 0. Take z € w N D° C Sy. We have P € ¢,
z ¢ ¢, and z € (P,Q) C (P,a). If |a|] > /5, then we have either (P,a) C cg
or (P,a) C bh — Sy, which is a contradiction. Therefore, w is reduced. Next, set
@ = (gbge) tw, P := (gbge) P, and Q' := (gtg2) 'Q. Then we see that Q' € @' Ney,
(P',Q") C h—Sp. These imply that @’ enters D from ey and |(gtg2) 'a| < /7, and
hence @’ is reduced.

The assertions (2), (3) and the first half of (4) are clear. To see the latter half of
(4), observe that (under the assumption @w ND = {13}) w is reduced if and only if
—/N < a < g34/1, where g3,/ is the linear fractional transformation of |/n by g3. Then
we further see that this is equivalent to (g%g2) "' being reduced.

The last assertion follows directly from (1) to (4). O

Lemma 3.2.4. (1) For any oriented geodesic w and z € w, there exists v € A(2,3,7)
such that yw s reduced and vz € D.

(2) For any oriented geodesic w, there exists v € A(2,3,7) such that yw is reduced and
yoo N'D° # (.

(3) Let w be a reduced oriented geodesic such that w N D° # O and let z € w N D°.
Suppose yw is reduced and vz € D for v € A(2,3,7). Then we have vy = 1.

Proof. (1) Since F C D, where F is the fundamental domain, there exists v/ € A(2,3,7)
such that 7'z € Y@wND = Pﬁ for some P, Q € . Suppose P € e;, and set @’ := g;"'+'w,
2 = g;'y'z € D. Then enters D from eg. If @' ND° # ) or @’ ND = 73(g; ' 73), then
by Lemma 3.2.3 (1), (2), @’ is reduced as desired. If @’ N D = 13(g773), then by Lemma
3.2.3 (3), we have @’ = ¢y, and hence we see that gsw’ is reduced and g3z’ € D.
Otherwise, we have @’ N'D = {73} and 2z’ = 73. In this case we easily see that either @’
is reduced or g3’ is reduced and g3z’ € D.

(2) This follows from (1) and Lemma 3.2.3. Indeed, by (1), we can find v € A(2,3,7)
such that vz is reduced. Then by replacing v by (g2g2) "1y or (g2ge) !y if necessary,
we further obtain yzo N'D° # ().

(3) Suppose wND = fﬁ and vz € g+ F (i € ZJTZ). Then since z € vy 1gtF N D°,
there exists j € Z/7Z such that v = +¢2. In particular, we see that ywND = ywNyD =
'yPyaj. On the other hand, since w and ~w are both reduced, we have P € ey and
vP € ey. Therefore, we see that j = 0, and hence v = +1. O
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Now we define the geodesic continued fraction algorithm following the general prin-
ciple of Morse [13], Series [15], Katok [9]. Note that we slightly modify the original
algorithm by using D instead of F.

Definition 3.2.5 (Geodesic continued fraction algorithm for A(2,3,7)\h). Let w be an
oriented geodesic on h. Define By € A(2,3,7) and iy, € Z/7TZ—{0} (k= 1,2,3,...) by
the following algorithm:

e Find (any) By € A(2,3,7) such that By ' is reduced, and set wy := By .

e For a given reduced oriented geodesic @y, (k > 0), find the unique ix1 € Z/7Z—{0}
such that wy leaves D from egkﬂ. Set @1 = (g7 g2) "'k, Then by Lemma
3.2.3, wi41 is again reduced.

We call this the geodesic continued fraction expansion of w (with respect to A(2,3,7)),
and express it as

@ = [Bo; i, iz, i3, Jaan or By'w = [i1,iz, i3, Ja@sn- (3.2)

We review some basic properties of geodesic continued fraction expansion. See also
Figure 4.

Proposition 3.2.6. Let w be an oriented geodesic on by, and let

@ = [Bo; i1, 42,73, | a(2,3,7) (3.3)
be the geodesic continued fraction expansion of w.

(1) The choice of By is not unique. However once we choose By, then the sequence
11,12, ... are uniquely determined. More generally, let ' be another oriented geodesic
(possibly @' = w), and let

w' = [By; j1, 42,33, - a2,3,7); (3.4)

be the geodesic continued fraction expansion of w' such that (Bh)'w' = By'w,
then we have j, = ig for all k > 1.
(2) Fork>1, set Ay := gé’“gg € A(2,3,7) and By := BpA1As -+ A, € A(2,3,7) so that
—
W = Bk_lw i the algorithm. Moreover define Py, Qi € w so that wNBRD = PrQy.
Then we have:
(i) Py € Byeo, and Qp = Pry1 € Bke;kﬂ. In particular, we have Py < Pji1.
(ii) P # Qr+1 = Prio. In particular, we have Py <o Piis.
(iii) BkD 75 B[D fOT‘ k 7'5 l.
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Proof. (1) and (2) (i) are clear from Lemma 3.2.3, and Definition 3.2.5.

(2) (ii) Note that by (i) we have P, <5 Qr = Pr+1 <z Qk+1 in general. Suppose
P, = Qky1- Then we have P, = Qr = Pry1 = Qri1, and hence P, = Q = Byms and
Pii1 = Qp+1 = Biy17m3. Therefore, it follows that Agy 1 = g;lgg = g3. Thus we get
B 'wND=g;'B,'owND = {r3}, which is impossible by Lemma 3.2.3 (4).

(2) (iii) Suppose ByD = B;D for k < I. Since D is geodesically convex, we have
P, = P and Qi = Q;. Therefore, by (i) we obtain P, = P, = @, = @Q; for all
k <m <. Then by (ii), we have k = . O

Suppose that w joins 8 to a (a, B € RU{oo}, a # B), i.e., @ = wg_,o. Suppose also
that @ is reduced for simplicity, and hence we take By = 1 in the algorithm. Let

W = Wh—a — [[il, iQ, ig, .. -]]A(273,7) (35)

be the geodesic continued fraction expansion of . For k > 1, set A, := gé’“ g2 € A(2,3,7)
and By := AjAs--- A € A(2,3,7) as in Proposition 3.2.6. Then by the definition of
the algorithm, the sequence ByD (k =1,2,3,...) (of subsets of ) seems to “approach”
to a as k goes to 0o. See Figure 4. In fact we can prove

a = lim BkT7. (36)
k—oo

See Theorem 3.3.2.

Now, note that for v = (ch d

fractional transformation vz (z € P}(C)) as

b) € SLy(R) such that ¢ # 0, we can rewrite the linear

az+b a 1/c?

= —2_ . 3.7
T rd ¢ djc+z (37)
Therefore for i € Z/7Z—{0} we can define a;, b;, c; € L = Q(y/7) by
. b;
97922 =: a; — P (3.8)

because giga does not fix co and hence its lower left component is non-zero. More
explicitly, a;, b;, c; can be computed as follows: Put ¢ = ,/n for simplicity. Then we
have

a1 =—a_1=0—0>+6"—0° =+ + 1 -n*)n

by=b =4+86*—8p = 4(1+2n —21%) (3.9)
co=—ci=0+6>—0"—¢ =n—n*+ 1 =0 )V

ay=-a 9=-2-30+60>+0"4+60° =2+ n+*+(-3+n)V1

by=b o =—8+46% 446 =4(—2+n+n? (3.10)

Co=—C9=2-30-02—0"+6° =2—n—n>+(=3+0))V7
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az=-a 3=—0+60>-204+0"—0°=n+n?—(1L+20+n>)Vn
bs=b_3 =4+120% 4 46* =4(1 4 3n+1n?) (3.11)
c3=—c3=—0-0>—20°—0"—0°=—n—n®—(14+2n+7n>)7.

We can also easily check the following properties of these constants. For j € Z/7Z—{0},

a; =g 0= (glg2)o0 € Op, (3.12)
—cj =a; = (g792) o0 € O, (3.13)
2 2m
b; /4 = U Cos(i) , €05, (3.14)
(2 cos (%)) (2 cos (%))
la1| = |a_1| < |az| = [a—2| </ <las| = |a—s]. (3.15)

Then we can formally rewrite (3.6) as

b;
a=a; — : (3.16)
b;,

Cil + aiz - b
i3

Ci, + @y — b
14

Ci3+ai4—7
Ci4+”'

In the following section we study the convergence of this continued fraction expansion
of a.

Remark 3.2.7 (Remark on the case of SLy(Z)). Here we briefly explain the background
of the above definitions of reducedness of a geodesic w and the geodesic continued
fraction by comparing to the case of SLa(Z). Notations in this remark are independent
of the rest of the paper.

As we have seen in Section 2.1, the modular curve SL2(Z)\b is the Shimura curve
associated to the quaternion algebra Ms(Q) over Q and a maximal order My(Z). Now,
SLo(Z) is the (2,3, 00)-triangle group A(2,3,00) generated by

p=(i ) o=(i 0) =) em

The triangle F = {z € h | |2| > 1,—3 < Re(z) < 3} is known to be a fundamental do-
main. Our regular geodesic heptagon corresponds to the co-gon D = J;cy gl F, and
our e;, €; correspond to

1 1
/ o1 1
e =<92€h \z|:1,1—§§Re(z)<z+§ , (3.19)
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Figure 3: The case of SL2(Z)

respectively. See Figure 3.

Let @w = wg_,q be the oriented geodesic on b joining 8 to o (e, 5 € R). Then our
definition of the reduced geodesics (Definition 3.2.1) in this case would be the following:
w is said to be reduced if w enters D from ep and |a| > 1. Then this condition can be
seen roughly as:

I6]“ <71 and || > 1. (3.20)

Hence we see that this definition is an analogue of the reducedness of real quadratic
irrationals (cf. [21]): a real quadratic irrational « is said to be reduced if o and its
conjugate o/ (over Q) satisfy

0<a <1landa> 1. (3.21)

We also see that our geodesic continued fraction expansion of w in this case of SLy(Z)
coincides with the one called the “geometric code” and studied in [9] by Katok. Further-
more since we have g&_goz = i—%, (3.16) becomes a variant of the so called “—"-continued
fraction expansion.

3.3 Convergence

Perhaps the most traditional way to discuss the convergence of the above continued
fraction (3.16) is to consider the limit of the following k-th convergent:
b

T — i (3.22)
bi,

ci, +a;, —
ik
cig _|_ S
Cip, + @iy
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= Bkaikﬂ = Bk+1OO, (323)

Here Bia;, , and Bjyio0o are the linear fractional transformations of a;,_, and oo.
Unfortunately, however, we can give an example in which the traditional k-th convergent
a:fcmd does not converge to a. See Example 3.5.1.

Instead, we consider the following “regularized” k-th convergent:

b;,

reg __ _
x, = B0 =a; — b, ,
12

(3.24)
Ci; + @, —

Ci2+"'_7

which seems more natural in our setting since this , corresponds to exactly the first

k steps of the geodesic continued fraction expansion of w.
Definition 3.3.1. Let ¢ = (iy)r>1 (ix € Z/7Z—{0}) be a sequence.

(1) We define the associated formal continued fraction (i) by the right hand side of
(3.16)

(2) We define the associated traditional k-th convergent xt"4(4) by the right hand side of
(3.22). If the traditional k-th convergent {"4(4) converges to z € P}(C) = CU {00}
with respect to the natural topology of P!(C), we say that the continued fraction
x(1) converges to x in the traditional sense.

(3) We define the associated regularized k-th convergent a, () by the right hand side of
(3.24). If the regularized k-th convergent @,/ (z) converges to x € P}(C) = CU {co}
with respect to the natural topology of P!(C), we say that the continued fraction
x(1) converges to z in the regularized sense.

Recall that Sy = {w € C | |w| < /7, Im(w) > 0} C b is the closed semicircle inside
the geodesic ¢g. We prove the following.

Theorem 3.3.2. Let w = wg_,o be an oriented geodesic on b joining 8 to «, and let
By'w = [, iz, i3, |a@ar) (3.25)

be the geodesic continued fraction expansion of w. Fork > 1, set Ay := g;’“gg € A(2,3,7)
and By := BoA1Ag--- A € A(2,3,7). We denote by BrSy C b the Bg-translation of
So. Then for any sequence (zx)r>0 such that z, € BSk, we have

lim z; =« (3.26)

k—o0

with respect to the natural topology of P1(C). In particular, for any z € Sy we obtain

lim Bz = a. (3.27)

k—o0
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Corollary 3.3.3. The associated formal continued fraction x((i1,1i2,...)) converges to
Bala in the reqularized sense, i.e.,

lim @((i1,iz,....)) = By'a (3.28)
Proof. This follows from 0 € Sy and B0 = ByA; - - - A0 = Box, ¥ ((i1,42,...)). O

By the explicit computation of a;, b;, ¢;, we have |a1| = |a_1| < |az| = |a_2] < /1 <
las| = |a—s|, cf. (3.15). From this and Theorem 3.3.2, we can also say a little bit about
the convergence in the traditional sense.

Corollary 3.3.4. We keep the notations in Theorem 3.3.2

(1) Let (k1);>1 be the subsequence of(lf)kez21 consisting of those k > 1 such that i), # 3,4
in Z)7Z. Then we have

ll_lglo mzad((zl, ig,...)) = By'a. (3.29)

2) In particular, if ip, # 3,4 in Z/7Z for all sufficiently large k > 1, then the associated
p ) Yy Larg ,
formal continued fraction x(i) converges to Bo_la in the traditional sense.

Proof of the convergence Here we give a proof of Theorem 3.3.2.

Put I' := A(2,3,7) for simplicity. We may assume that @w = wg_,, is reduced and
By = 1. Recall that ¢y = w_ Ji— /i 18 the oriented geodesic on § which contains the
edge eg. We denote by ug := \/, vo := —,/7 the two endpoints of cy. For k > 0 we
define ¢ := Bycg, ug := Bpug, vi := Brvg, Sk := BrSp to be the Bj-translations of the
correspondlng objects. By the definition of the geodesic continued fractlouorlthm
B, 1% is reduced. Thus we define P;,, Q) € w (k > 0) so that @ N ByD = P,Q. Then
by Proposition 3.2.6 (2) (i), we have Py, € wNe¢g and Q = Pry1 € wNcgyr1. See Figure
4.

In the following we prepare six technical lemmas, most of which are intuitively clear.
We adopt the usual notation of intervals in P!(R) = R U {oo} by defining

(u,v) if u,v € Rand u < w

(1, 0) = (u,00) U{oo} U (—00,v) ?f v,u e Rand v <u (3.30)
(u, 00) ifueR,v=00
(—o0,v) if veR,u= o0,

for u,v € RU {oo} such that u # v.
Lemma 3.3.5. For all k > 0 we have o € (v, uy) and B € (ug, vg).

Proof. By the definition of the geodesic continued fraction algorithm, B, L is reduced,
and hence we see Bk_loz € (vo,up) and Bk_lﬁ € (up,v0). Now the lemma follows from
the fact that SL9(R) action preserves the intervals in R U {0}, i.e., g(u,v) = (gu, gv)
for g € SL2(R) and u,v € RU {oo} such that u # v. O
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Figure 4: Geodesic continued fraction algorithm of w

Next we observe the behavior of ¢; as k goes to oo, or more generally, the behavior
of I'-translations of cg.

Lemma 3.3.6. (1) The projection ¢y becomes a closed geodesic on I'\h, and there exists
a hyperbolic element vo € T such that Tey(= {7 €T | yeo = co}) = {+ | k € Z}.

(2) In particular, we can decompose co into a disjoint union of segments as

co = [101m.707)- (3.31)
kez

Proof. (1) follows from Proposition 2.2.2 and Lemma 2.2.3 (5), (6). Indeed by choosing
z=w =1, we obtain D, = (2 — 2)* + dnww = 4y and +/7 = 5-((z — 2) + /D).
(2) follows from (1) and 73 € ¢o. O

‘We consider the set
L:={yco [y €T, #(yco N o) = 1} (3.32)

of all I'-translations of ¢y which intersect with ¢y at one point in h. Note that if two
geodesics on h has an intersection, then either they intersect at one point or they coincide
up to the orientation.
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Lemma 3.3.7. There exist V), ... ¢ €T (for some r > 0) such that

I= U {AEcM Ak (3.33)
keZ

If 1= 0, then we assume r = 0 and the both sides are the empty set.

Proof. First, since I' = A(2,3,7) acts properly discontinuously on b, we have

#{v €T | #(7[m3,773] N [13,7073]) = 1} < o0 (3.34)

Put {’y(l), .. .’y(”)} ={y eT'| #(v[13,773] N [13,7073]) = 1}, and set cd) = 'y(i)co el
(i =1,...,7). Now, take any y¢p € I. By Lemma 3.3.6 (2) there exists k,l € Z such
that

#(770173,7073) NG [73,7073)) = 1. (3.35)
Then we get v = 7§y~ for some i € {1,...7}, and hence ycy = ~fc®. O

For i = 1,...,r, we denote by u(), v() € RU {oo} the two end points of ¢ such
that C(Z) = W4 (3) —squ(3) -

Lemma 3.3.8. For any € > 0 there exists N > 0 such that for any k € Z,i € {1,...,r}
and z € vEcD) with [k| > N, we have either |z — ug| < € or |z —vo| < €.

Proof. Now ~ is a hyperbolic element with fixed points ug and vg. We may assume ug
is the attracting point. On the other hand, we have u@® ¢ {ug,vo} because #(c(i) N
¢p) = 1. Therefore we get limg_, o y[l)cu(i) = limg_ oo ’y(])’cv(i) = ug and limy_,_ y(l)“u(i) =
limy s ’ygv(i) = vg. This proves the lemma. ]

Lemma 3.3.9. (1) For k # | we have ci # ¢ as subsets of b.
(2) For any fized | > 0, we have P, € Sy for all k > 1.
(3) For any fized k > 0, we have Py ¢ Sy for alll > k + 2.

Proof. (1) Suppose ¢ = ¢; for k < [. Then we have P, = P}, and hence | < k + 2 by
Proposition 3.2.6 (2) (ii). On the other hand, by the definition of the algorithm, we
easily see that ciy1 # cx. Therefore, we obtain k& = [.

(2), (3) These follow from Lemma 3.3.5 and Proposition 3.2.6 (2) (i), (ii). Indeed,
since S; is geodeiscally convex and w N ¢; = { P}, we have [P, a) = w N S; by Lemma
3.3.5. On the other hand we have Py, € [P, «) for k > 1, and Py ¢ [P, «) for | > k + 2
by Proposition 3.2.6 (2) (i) and (ii) respectively. This proves the lemma. O

Lemma 3.3.10. For any fized | > 0 we have

#{k>0]cpNe #0} < occ. (3.36)
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Proof. Suppose the contrary, i.e., there exists a subsequence (ky,)n>1 of (k)rez., such
that cp, N¢; # ) for all n > 1. We may assume k, > [ for all n > 1. Then we see
#(ck, Ne¢) =1 by Lemma 3.3.9 (1). Therefore we have Bl_lBknco €l for all n > 1. By
Lemma 3.3.7, for each n, the geodesic Blekn co can be written as Blekn co=7" clin)
for some m,, € Z and i, € {1,...,r}. Moreover, since B; ' By, co (n > 1) are distinct by
Lemma 3.3.9 (1), we see |m,| — co as n goes to co.

On the other hand, we have Bl_lPkn € Bl_lBknco N Bl_lw for all n > 1. Therefore,
by Lemma 3.3.8 and Lemma 3.3.9 (2), we obtain

Bila= lim By Py, € {ug, v} (3.37)
However this contradicts to Lemma 3.3.5. O

Proof of Theorem 3.3.2. By Lemma 3.3.10, there exists lg > 2 such that for all & > Iy
we have ¢, Ncg = 0. Then for k > lg > 2, we have either Sy C S}, or S;, C Sy. However,
by Lemma 3.3.9 (3) we have Py ¢ Sk, and hence Sy C Si can not happen, and we get
S € Sp for all k > lp. Then, inductively, we can find a strictly increasing sequence
(In)n>0 such that we have S, C S;, _, for all k£ > [,. Indeed, for given [,,_1, there exists
ln > ln—1 + 2 such that ¢, N¢,_, = 0 for all k£ > [, by Lemma 3.3.10. Then we have
Sr €5y, , forall k> 1, >1,_1+2 by Lemma 3.3.9 (3). In order to prove the theorem,
it suffices to show

) S, = {a}. (3.38)

n>0

We denote by S the left hand side of (3.38). Since Sy are all closed semicircle, the
intersection Sy is also a closed semicircle, i.e., there exists & € R(NSy) and A > 0 such
that Soo = {w € C | |Jw —&| < A\, Im(w) > 0}. Suppose A > 0. Then & +/—1\ € 9S4 is
in h. Since F is a fundamental domain, {y € ' | £ + v/—1\ € ¥F} is a non-empty finite
set. Thus we set {d1,...,0n} = {y € T | { +V—1\ € vF}, V := UjL, §;F, and put
U := V°, where V° is the interior of V. Then U is an open neighborhood of & + /—1),
and thus there exists N > 0 such that U intersects with ¢;, for all n > N. Therefore,
there exists j € {1,...,m} such that §;F intersects with ¢;, = By, co for infinitely many
n > N. Now suppose 0;F intersects with ¢;, = By, co. Then by Lemma 3.3.6 (2), there
exists k, € Z such that -, k”Bl; 15j]: intersects with [73,7073). Since I' acts properly

. . . —kn _ —kn _
discontinuously on b, there exist n; > ng > N such that 1Blni(5j]-" = QBIH; 0; F.

Thus By, = :I:an'yg"fk"l, and hence ¢, = ¢y,, which is a contradiction because cj are
distinct by Lemma 3.3.9 (1). Therefore A = 0 and we obtain (3.38) by Lemma 3.3.5. O

3.4 Periodicity

Now we prove the Lagrange type periodicity theorem. We first prove the periodicity
coming from the closed geodesics on A(2,3,7)\h, and then prove a refined “f3-free”
version by using the convergence of the geodesic continued fraction. As we have remarked
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in Section 1, the following Theorem 3.4.1 (1) follows directly from Proposition 2.2.2 and
the well-known property of the geodesic continued fractions. However we have to discuss
carefully in order to prove (2).

Theorem 3.4.1 (Lagrange’s theorem for A(2,3,7)\h).

’ § Ch h ¥ /67 a’nd let w = w@—)@ be th/e ()iiented geodesic on
[) jOl’n’l.”g ﬂ tO . Let

By'w = [i1, 2,43, - Taesm (3.39)

be the geodesic continued fraction expansion of w with respect to A(2,3,7). For k >
1, set Ay == g g2 € A(2,3,7), By := ByA1Ay--- Ay € A(2,3,7), and wy, = Bk_lw.
Then the following conditions are equivalent.

(i) The two endpoints a and 3 are of the following form:

{a =L(z-2+/D.w) (3.40)

B =5-(2-2F/Dzw)

for some z,w € L such that D, ,, = (2 — 2)? + 4nww > 0. Here if w = 0, we
assume (a, ) = (0,00) or (c0,0).

(ii) There exists ly > 1 such that w;, = wo. (In particular the geodesic continued
fraction expansion becomes periodic, i.e., igyy, = iy for all k> 1.)

(2) Suppose that the above conditions are satisfied for z,w € L and ly > 1. Assume that
lo is the minimal element such that the condition (ii) holds. Put 7o := BIOBO_1 =
BoAy -+ A, By'. Then we have vy € T = 0L, (¢f. Lemma 2.2.3 (5)), and o
gives the fundamental unit of O;’w. Equivalently, po(v0) € F(\/D.w) gives the
fundamental unit of Up , 4/ F-

Proof. (1) The implication (ii) = (i) is clear from the implication (ii) = (iii) of Proposi-
tion 2.2.2. Indeed (ii) implies BlOBo_lw = w, and we have ByD # B;,D by Proposition
3.2.6 (2) (iii). Therefore B, By' # +1 is a hyperbolic element in T',. We prove the
implication (i) = (ii). Since the conditions (i) and (ii) are preserved by replacing w with
~yw for v € A(2,3,7) by Proposition 3.2.6 (1), we may assume w is reduced (i.e., Byg = 1)
and @w N D° # () by Lemma 3.2.4 (2). We take R € w N D°, and define Py, Q) € @
(k > 0) so that w ND = PyQy. By Proposition 2.2.2, there exists a hyperbolic element
in I';. Let 79 € ', be any hyperbolic element. By replacing v by ~, Lif necessary we
assume « is the attracting point of 9. Then we have R <, 79R. Furthermore, we have

Py<s R<gm Qo = P <z YR. (3.41)

Indeed, if yoR € D, then by Lemma 3.2.4 (3), we obtain 79 = +1, which is a con-
tradiction. On the other hand, by Proposition 3.2.6 and Theorem 3.3.2, we have
Piy1 = Qp and limg_yoo P = limg_,00 Qr = «. Therefore, there exists lp > 1 such
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that vwR € [P,,Qi,)- Then we have R € w N D° and Blglfng S Blglyow N D and
w and Blglfyow = Blglw are both reduced. Therefore by Lemma 3.2.4 (3), we obtain
Blglfyo = %1, and hence w;, = yow = wp.

(2) We may assume w is reduced and By = 1. Suppose [y is minimal. By the
above argument, we see By, € ', = O;w. On the other hand, let vg be the hyperbolic
element which generates of I', up to 1, and assume that « is the attracting point of
0. Then, again by the above argument, we obtain vy = iBlé for some I{, > 1. Now by
the periodicity (ii) and the minimality of ly, we see vy = By = B, = By for some
m > 1. Then, since 7y generates I'y,, we obtain m = 1. Therefore, we get I, = ly, and
hence B;, = £y becomes the fundamental unit. This completes the proof. O

The ($-free version In order to discuss the refined version of the above theorem, we
first prepare some lemmas. For a € R U {co}, we denote by G, the set of oriented
geodesics on h which goes towards a. We naturally identify G, with PY(R)—{a} =
R U{o0o}—{a} as follows:

P'(R)—{a} = Gai B+ @Wposa- (3.42)

We equip G, with the natural topology of P}(R) via this identification. Then for w € b,
we denote by po(w) € G, the unique oriented geodesic on h which passes through w and
goes to a. This defines a map

Pa b — Ga (3.43)

which is clearly continuous open map since p, is a fiber bundle with fibers wg_, .

Now let @w = wg_,, be an oriented geodesic which satisfies the equivalent conditions
of Proposition 2.2.2 and Theorem 3.4.1. Furthermore we assume that w is reduced and
wND° # (). Take R € @w ND° and a hyperbolic element vy € I', which generates I',
up to +£1. We assume that « is the attracting point and ( is the repelling point of ~q.
Thus we have

@ = [[ %R 0R). (3.44)
neZ

We regard w as an element in G,. Then G, —{w} has two connected components.
We denote by

Gop+ = {@pa | B € (B,0)}, (3.45)
Gop,— = {@pra | B € (a, 8)}, (3.46)

those two components. Here we use the notation (3.30). Let Sop = {w € C | |w| <
/1, Im(z) > 0} be as before.

Lemma 3.4.2. Let U C G, be any connected open neighborhood of w, then we have
Yo U C U. In particular for all @' € U—{w}, we have vy '@’ € U—{w}.
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Proof. This follows from the assumption that v is a hyperbolic element with attracting
fixed point « and repelling fixed point 5. O

Lemma 3.4.3. There exists a connected open neighborhood U C G, of w such that for
any w' € U—{w} we have w' N D° # () and

@' NSy N A(Q, 3, 7)7‘3 = (), (3.47)

i.e., for every w' € U—{w}, @' intersects with D° and does not contain A(2,3,7)-
translations of T3 inside Sp.

Proof. Since D, vD, and [R,oR] are all compact, there exists a geodesically convex
open set V C b containing [R, o R] U D U~D such that its closure V (in h) is compact.
Then, since the action of A(2,3,7) on h is properly discontinuous, we see VNA(2,3,7)73
is a finite set. Thus we take w1, ...,w, € V such that

{wy,...,w.} =VNA2,3,7)3. (3.48)
Then po (V) C G, becomes an open neighborhood of w, and hence

Ui = pa(V)={palwr), .., pa(wy)} U{w} (3.49)

is also an open neighborhood of w. Now since w enters D from ey and V' is an open
set containing D, there exists ) € w such that @ € V —5p. Thus we take an open
neighborhood W C V -5y of Q in V—S5y. Let V3 C D be an open neighborhood of R in
D. We define an open subset U of G, to be the connected component of

U1 N pa(Vo) Npa(0Vo) Npa(W) 5 @ (3.50)
containing w. At this stage we know the following: for any @’ € U—{w}, we have
@ NVNA(2,3,7)7m3 =0. (3.51)
Therefore it remains to extend the A(2,3,7)73-free region from V' to Sy. We prove the
following:
Claim 1. Let @' € U—{w}, then we have

@' NS c |V (3.52)
n>0

Now, by Lemma 3.4.2, we have v, "w’ € U—{w} for all n > 0, and hence v, "=’ €
Pa(Vo) N pa(10Vo) for all n > 0. Therefore we see 7, "w’ intersects with V and ~oVj
for all n > 0, or equivalently, w’ intersects with 3V, and VQ'HVO for all n > 0. On the
other hand, by the definition, 7'V is a geodesically convex open set which contains v{'Vj
and ’ngVg. Therefore the geodesic segment of @’ between @’ N4 Vp and @’ ﬁ’yg‘ﬂ% is
contained in 3 V. Now, since « is the attracting point of vy, the points in 3V converges
to o uniformly as n — oco. Therefore the geodesic segment of @’ from @’ NV to « is
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contained in J,,~,7¢V. On the other hand since W C V —Sy and @’ € po (W), we see
that @’ N Sy is contained in the geodesic segment of w’ from @’ NV to a. This proves
the claim.

Now let @’ € U—{w} and let P € @w’' N Sp. Then by Claim 1, there exists n > 0
such that v, "P € 75 "w’' NV. On the other hand, we have 75 "w’ € U—{w} by Lemma
3.4.2. Thus we get v, "' NV NA(2,3,7)13 = 0 by (3.51). Therefore P ¢ A(2,3,7)73.
This proves the lemma. O

Let U C G, be a connected open neighborhood of w satisfying the condition in
Lemma 3.4.3. Then U—{w} consists of two connected components

Uy =UNGapt (3.53)
U.=UNGap,_ (3.54)

Lemma 3.4.4. Let wM,w® ¢ U, (or @V, @® € U_) be geodesics in the same

connected component of U—{w}. By the assumption, we can take Ry € o ND° and
Ry € o@D NDO. Let

wV) = [By0;41, iz, . Ja@s, (3.55)
w® = [Ba,; j1, ja, - - Jaesm (3.56)

be the geodesic continued fraction expansions of w and w® such that BiéRl e D°
and BiéRg € D°. Then we have B1g = +B and iy, = ji for all k > 1.

Proof. We only prove the case wV),w(? ¢ U, since the case w®, w® e U_ can be
proved similarly. By Lemma 3.2.4 (3) and the definition of the algorithm, it suffices to
show the following:

Claim 2. Suppose v € A(2,3,7) satisfies YDNwD £ 0 and yDNw® # @ and yD C S.
Then both v 1w and 'y_lw(2> intersect with D° and enter (resp. leave) D from the
same edge, say e; (resp. €).

By Lemma 3.4.3, YD N @ and vD N @® do not contain vertices of yD. Therefore
7 tw® and 41w ® must intersect with D°. Now let I C U+ be the closed interval
between @) and w® contained in U, (via the identification G, ~ P!'(R)—{a}). Then

because U satisfies the condition in Lemma 3.4.3, we have

P (1) NSy NA(2,3,7)m3 = 0. (3.57)

/
: : J
vgirs and ygits (resp. ~vgims and ygiT) of ve; (resp. ve;) are contained in Sp N
A(2,3,7)73, they must not be contained in p,!(I) by (3.57). On the other hand, the
geodesic segment ~ye; (resp. ’ye;-) can intersect with @ at most once. Therefore, ye;
2)

Suppose v 1w enters (resp. leaves) D from e; (resp. €). Now, since the endpoints

(resp. ~ej) must also intersect with w®. Finally, if v~ 1w leaves (resp. enters) D

from e; (resp. €}), this contradicts to the assumption that w® is an oriented geodesic
which goes to a. This proves the claim and hence the lemma. O
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Now we present the refined version of the above theorem in which we can get rid of
the condition on f.

Theorem 3.4.5 (Lagrange’s theorem for A(2,3,7)\h, S-free version).

to,B € RU{oo} such that o # 3, and let w = wg_,o be the oriented geodesic on
h joining B to a. Let

Balw = [[il, ig, ig, N 'HA(2,3,7) (358)

be the geodesic continued fraction expansion of w with respect to A(2,3,7). For
k>1, set Ay == gFge € A(2,3,7) and By, := ByA1As -+ Ay € A(2,3,7). Then the

following conditions are equivalent.

(i) The endpoint « is of the following form:

1
= %(z —zZ+ /D) (3.59)
for some z,w € L such that D,,, = (2 — 2)* + dnww > 0. Here when w =0,
we assume o = oo (resp. 0) if the sign in o is + (resp. —).

(ii) There exist lo > 1 and kg > 0 such that Bk;lloa = B,;la for all k > ky.

(iii) There exist lp > 1 and ko > 0 such that igy, = i for all k > ko, i.e., the
geodesic continued fraction expansion becomes periodic.

(2) Suppose that the above conditions are satisfied for z,w € L and lg,kg > 1. As-
sume that ly is the minimal element such that the condition (iii) holds. Put ~y :=
BkO_HOBk’Ol = By Aky+1 - "Ako+loBI;01' Then we have yo € O, and o gives the
fundamental unit of (’);w. Equivalently, po(v0) € F(\/D:w) gives the fundamental

unit of Up , w/F-

Proof. (1) The implication (ii) = (i) is clear. The implication (iii) = (ii) follows directly
from the convergence of geodesic continued fraction (Corollary 3.3.3). We prove (i) =
(iii). Let p' := 2% — «, and let @' := wg_,o be the oriented geodesic joining ' to
a. Here if w =0 and o = 0 (resp. a = o0), we assume 3 = oo (resp. ' = 0). We
use this auxiliary geodesic @’ about which we have already studied in Theorem 3.4.1.
In particular the case where 8 = /3’ is already proved in Theorem 3.4.1. Therefore we
assume (3 # (. By Proposition 2.2.2, there exists a hyperbolic element in I'y;. Let
dp € I'» be any hyperbolic element. We assume that « is the attracting point and S’ is
the repelling point of dp. The key fact to prove this theorem is lim,, o §5 "8 = 3.

By Lemma 3.2.4 (2) and Proposition 3.2.6 (1), we may assume =@’ is reduced and
w' ND° # (. Take R’ € @’ ND°. Then we can use Lemma 3.4.3 to take a connected
open neighborhood U C G, of @’ such that for any @” € U—{w@'}, we have @”" ND° # (),
and

" NS NA(2,3,7)75 = 0. (3.60)

28



We denote by Uy, U_ the connected components of U—{w’} as in (3.53), (3.54). Since we
have assumed that 8 # ', we have w € Go—{@'} = G 3/, + UG, g7, —. Suppose w € Gq g/ +
(resp. Gap,—). Then, since we have lim, o 0, "3 = 8" and 00Ga g+ = Gap .+ (resp.
00Ga,p'— = Ga,p,—), there exists N1 > 0 such that 6, "w € Uy (resp. U_) for all n > Nj.
Take R, € 0,"w ND° for each n > Nj. Since « is the attracting point of dy, we have
lim,, o 0§ Ry, = «.

Now, as in the proof of Theorem 3.4.1, we define Py, Qi € w (k > 0) so that w N
B, D = ]TQ;: Let us fix a constant M € Z>¢ arbitrarily. (We use this later.) By Propo-
sition 3.2.6 and Theorem 3.3.2, we have Py11 = @k and limg_, oo Py = limg_ oo Q = .
Therefore, there exist No > Ny, kg > M, and Iy > 1 such that

5(J)V2RN2 € [Pkov Qko) Cw, (361)
50 Rz 41 € [Protiys Qiotio) C - (3.62)
Let
Cy (65 @) = [j1, o, - - Ja@sm (3.63)
(C(/)>71(60_N2_1w) = [L]i?]éa .- ']]A(Q,S,?) (364)
be the geodesic continued fraction expansions of d; N2 5 and 0 N2=1 such that
Cy'Ry, € D° and  (C)) 'Rn,11 € D°. (3.65)

Then, by Lemma 3.4.4, we have Cyp = £C} and j, = jj, for all £ > 1. On the other
hand, from the geodesic continued fraction expansion (3.58), we also obtain the following
geodesic continued fraction expansions:

Bi'w = [ikgt1, ikor2s - - a@sm (3.66)
Bl 1@ = [ikotlo+1s tkotio+2s - - Ja@,3,7)s (3.67)
Now we apply Lemma 3.2.4 (3) to
e the reduced oriented geodesic: Cy (5 ?w) (resp. (C4)~1(05 V2 'w)),
e point: z = Cj 'Ry, € D°, (resp. z = (Ch) 'Ry, 41 € D°),
° v = B,;)ldéVQCO € A(2,3,7), (resp. 7= B,;ngoéé““q’) € A(2,3,7)).

Because we have

o 7Cy (6, V2 w) = Bk_olw (resp. ¥(Ch) 16V tw) = Bk_olﬂow) is reduced by the
definition of the geodesic continued fraction expansion,

o vz = B,;(}&éVQRM € D (resp. vz = B,;Oﬂ_loééVQHRNQH € D) by (3.61) (resp.
(3.62)),
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we obtain

B l6g?Co=%1 and B, 671 ChH=+1. (3.68)

Then it follows that both (3.63) and (3.66) give the geodesic continued fraction expansion
of C5 oy 2w = Bk_olw, and both (3.64) and (3.67) give the geodesic continued fraction
expansion of (C(’])_160_N2_1w = B,;)Erlow. Therefore, by using Proposition 3.2.6 (1), we
finally obtain

iko+h = Jk = Jk = ko+lo+h (3.69)

for all k£ > 1. Thus we obtain (iii).

(2) We may assume 8 # (', @ is reduced and w N D° # (), where 8 and =’
are the same objects as in the proof of the implication (i) = (iii). Suppose that the
equivalent conditions (i) ~ (iii) are satisfied. More precisely, suppose that the condition
(iii) is satisfied for ko,lp, and that Iy is the minimal element such that the condition
(iii) holds. Then clearly the condition (ii) is also satisfied for the same kg and ly. By
the condition (ii), we have Bko+loBk_0104 = «. Therefore, by Lemma 2.2.3 (5), we obtain
Yo = Bko+loBk_01 € KZMﬂOl = O;w = I'ws. On the other hand, let §y be the hyperbolic
element which generates I'r = O;w up to £1, and assume that « is the attracting point
of p. Then, by the above argument, especially from (3.68) and (3.69), there exist kj, > ko
and I > 1 such that i,y = iy, for all k > ki and 0 = iB%HéBk_{)l. (Here we choose
M = ko in the above argument.) Now, by the periodicity (iii), we have Aj4;, = Ay, for
all & > kg. Therefore we have vy = Bk0+loBk_()1 = B%HOBk_()l by the definition of Bj.
Thus, again by the periodicity (iii) and the minimality of Iy, we obtain

00 =+ By iy By' = Bigymig By, = By, By )™ =6 (3.70)
for some m > 1. Then, since &y generates '/, we obtain m = 1. Therefore, we get
Iy = lo, and hence vy = Bly+1, By, 1 — 4§, becomes the fundamental unit. This completes
the proof. O

Remark 3.4.6. The results in [16] and [1] are interesting, and seem to be related to the
“B-free” version of the periodicity. Although their results do not cover the case of the
(2,3, 7)-triangle group, they compare the geodesic continued fractions (Morse codings)
and the “boundary expansions” of geodesics which essentially depends only on the one
end point a. It may be possible to prove (1) of Theorem 3.4.5 using the similar arguments
to those in [16] and [1]. Our proof is different from their methods.

3.5 Examples

Now we present some examples to illustrate our main theorems (Theorem 3.4.1 and
Theorem 3.4.5). We describe the following items:

(I) Input data: (o, 8, @Wg—a), Where o, 3 € RU {oo} such that o # 8 and wg_,q is
the oriented geodesic joining 5 to « as before.
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(II) The resulting geodesic continued fraction expansion of wg_,q.

Suppose the geodesic continued fraction expansion of ws_,, becomes periodic (which is
the case we are mainly interested in). As in the classical theory of continued fraction,
we denote by

w,@—>a — [[Bﬂa il) cee 7ik‘oaik0+17 e ,ik0+l0]]A(2,3,7)5 (371)

the periodic geodesic continued fraction expansion with period ig, 41, ..., %k,+1,- Then,
furthermore we present

(I)) The data z,w € L for which « can be expressed as in Theorem 3.4.5 (i), and the
associated quadratic extension K, ,, ~ F'(1/D,,) over F.

(ITI) The fundamental unit of (’);w ~ Up, . w/r obtained from the period of geodesic
continued fraction expansion. Cf. Theorem 3.4.1 and Theorem 3.4.5.

We put 6 := /5 as in (3.9), (3.10), (3.11). Moreover, for the geodesic continued
fraction expansion (3.2) of w, we put Ay := gé’“gz, By := BgAy--- A, and wy, := Bk_lw.
The geodesic continued fraction expansions in the following examples were computed by
plotting the geodesics wy, from which the next ix41 can be visually determined.

Example 3.5.1.  (I) Input: a =0, 8 = 00, @ := wWg_sq.

(I)" The corresponding data: z = /7, w =0, D, ,, = 4.
The associated quadratic extension: K, ~ F(,/n) = L.

(IT) The geodesic continued fraction expansion:

@ = [1;3,-2,3]a2,3,7)- (3.72)

rom the period, we obtain the following fundamental unit g, 1.e., a generator o

III) F h iod btain the following fund 1 uni i f

0!, =Tw,, up to £1:
0 = B3By " = (9792) (97 *92) (9392) (3.73)
—“1-0-6>+6>+06° 0

( 0 —1460—-6%—-03-6° (3.74)
“1—n—1=n=1)1 0 )

= . 3.75

( 0 ~1-n+1=n-n°)n 3-75)

Under the identification (2.18), the fundamental unit g9 = pa(70) of Up ;. F can
be written as

€0 = —1—77+(1 _77_772)\/ﬁ€ UO,z,w/F' (376)

This example gives an example in which the traditional k-th convergent Q:Z‘ld does
not converges to o = 0. Indeed, by (3.23), we see
25 = ((9792) (97 292) (9792)) o0 = 00 = 0. (3.77)
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Example 3.5.2. (I) Input: a = (1 —n?)n+/1+3n—2n% 8= (1 —n*)n—
V1430 -2, w = wg_,.

(I) The corresponding data: z = (1 —n?)/n, w =1, D, ., = 4(1 + 3n — 2?).
The associated quadratic extension: K., ~ F(y/1 4+ 3n — 2n?).

(IT) The geodesic continued fraction expansion:

w=[L1,-1]a@37)- (3.78)
(ITI) From the period, we obtain the following fundamental unit -, i.e., a generator of
Oi’w =I'w,_,, up to £1:

Y0 = B2By" = (g792) (97 ' g2) (3.79)
11420 6*—6° -1

_2( 2 0% — o —1—29—92+95> (3.80)

(e O a). s

2 2—n—1’ ~(1+n) = (2-n")yn

Under the identification (2.18), the fundamental unit e9 = pa(70) of Up ./ F can
be written as

co=5((2— =Pt —(1+0) — 2= 1)) (3.52)
- —% (1 0+t 2 — 3) € ooy (3.83)

By Corollary 3.3.4, the traditional k-th convergent of the following formal continued

fraction converges to (1 —n?)/f+ /1 + 3n — 2n2.
2 b1
(L=n )+ V1+3n—20=a, —

crta_1—

b_1

by

c_1+a;— b
—1

o1+
(3.84)

cp+a_1—

Therefore, we can simplify this continued fraction using the formulas (3.9), and obtain
the continued fraction (1.1) presented in Section 1.

Example 3.5.3. We give an example of “S-free” variant of Example 3.5.2
(1) Input: a = (1—n*)/n++/1+3n—2n% B=—-1, @:= ws_,.
(I) The corresponding data: z = (1 —n?)\/n, w =1, D, ., = 4(1 + 3n — 21?).
The associated quadratic extension: K., ~ F(y/1 4+ 3n — 2n?).
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(IT) The geodesic continued fraction expansion:

w=[g7":3,2, =1, 1 a@37)- (3.85)

(III) From the period, we obtain the following fundamental units vy € O;’w and g9 =
Pa(10) € Up - 1p/p, Which agrees with the result in Example 3.5.2.

Yo := B4Bj" (3.86)

— 1 <_(1+77)+(2_772)\ﬁ -1 ) (3.87)
2 2—n—1n’ ~(L+n) = 2-n)yi

1

Example 3.5.4. (I) Input: o =/ ++/2n, 8=/ — /21, @ := Ws_sq-

(I)’ The corresponding data: z = /i, w =1, D, = 8.
The associated quadratic extension: K., ~ F(1/2n).

(IT) The geodesic continued fraction expansion:

@ = [92;—2,3,-3,3,-2,2,-3,3,-3,2]a2,3,7)- (3.89)
IIT) From the period, we obtain the following fundamental unit g, i.e., a generator of
P g B g
O;,w =T, up to £1:
Yo := BioB; ' (3.90)
_(—11—60 — 280 — 18¢° — 120" — 8¢° —8 —220% — 100" (3.91)
- —6 — 1867 — 86* —11 + 66 — 2860 + 180% — 120* + 86° :
(11 + 28+ 12n%) — (6 + 180 + 8n°) /7 —8 —22n — 10n?
- —6 — 187 — 8 —(11+ 28y + 12n°) + (6 4+ 187 + 8n°) /1)

(3.92)

Under the identification (2.18), the fundamental unit €9 = po(70) of Up . ./ can
be written as

g0 =—11—28n—12n* — (6 + 181 + 81*)\/2n € Up ». /- (3.93)

Example 3.5.5. (I) Input: a =2++/4—n, 3=2— /4 -1, W :=wWsq-

(I)" The corresponding data: z = 2/, w = /1, D = 4n(4 —n).
The associated quadratic extension: K., ~ F(y/4n —n?).

(IT) The geodesic continued fraction expansion:

w = [[9792.9’;1; 37 3> -2,2, _3a 37 _3a 3a _3, 27 -2, 3]]A(2,3,7)' (394)
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(IIT) By computing the period v := BigBy ' € O}, we obtain the following funda-
mental unit €9 = pa(70) of Up - /'

g0 = —(28 + 80 + 36n°) — (16 + 430 + 199*)\/4n — n? € Uo L p/p-  (3.95)
Example 3.5.6. (I) Input: a =e, f =1/e, @ := wg_,q, Where e is Euler’s numebr.

(IT) The geodesic continued fraction expansion:
w = [[g$929;2737 37 _37 _33 37 _3a 37 _37 _37 2’ _27 27 _37 37
- 27 37 27 725 35 737 737 2) 727 27 727 37 73,
2,-2,2,-2,3,2,-1,2,3,-3,-2,1,~1,.. Jaan- (3.96)

The regularized 40-th convergent x;’ is approximately xj? = 2.7182818284590431,
where e is approximately e = 2.7182818284590452.
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